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A Sharp Condition for Existence of an
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It is shown that a perturbation argument that guarantees persistence of inertial
(invariant and exponentially attracting) manifolds for linear perturbations of
linear evolution equations applies also when the perturbation is nonlinear. This
gives a simple but sharp condition for existence of inertial manifolds for semi-
linear parabolic as well as for some nonlinear hyperbolic equations. Fourier
transform of the explicitly given equation for the tracking solution together with
the Plancherel’s theorem for Banach valued functions are used.
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1. INTRODUCTION

In recent years it has been shown that solutions of many important PDE’s
approach exponentially to a flow on a smooth invariant finite dimensional
manifold. See, for example, Henry [6], Foias er al. [4], Babin and Vishik
[1], Mallet-Paret and Sell [7], Chow and Lu [3], Hale [5], Teman [9],
and references therein. The crucial part often lies in finding an invariant
attracting manifold for the flow in a Hilbert space X generated by

u + Au=F(u) (1.1)

where A4 is a sectorial operator [6] in X and F is such that for some
xe [0, 1), Be B(X* X)

IFx)—F(»)I = 1Bx—yp)]|  forall x, yeX”
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here Z(X*, X} denotes the space of bounded operators from X* [6] into X.
Various conditions that ensure existence of an inertial (invariant and
attracting) manifold for (1.1) are known, however, since the problem seems
to be a fundamental one, it would be nice to have optimal conditions. Here
a condition that is sharp in a sense is presented.

Let A>0 be such that

A+ i is in the resolvent set of 4, p(A4), forall weR

It is well known that 4 has an invariant subspace X; which is the range
of the projection associated with the spectral set in the half-plane Re z < A.
X, is an inertial manifold for v’ + Au=0. If A+iwep(4— B) for all weR,
the same could be said for the equation #' + Au= Bu, and one way to
ensure this is by requiring that

|B(A—A—iw) <1 forall meR (12)
since
(A—B—i—io)'=(4d—i—i0) " (1- B(A—A—iw) )™’

In this paper it is proven that (1.2) is actually also sufficient for the
existence of an inertial manifold for the nonlinear equation (1.1)—
no additional assumptions are needed. In spite of weaker and much
simpler assumptions, the exponential atractivity result presented here
(Theorem 4.1) is actually stronger then the one obtained by Babin and
Vishik [1], Henry [6], Chow and Lu [3], and Foias er al. [4].

The paper is organized as follows. Assumptions, notation, and some
well-known facts are presented in Section 2. Existence and some properties
of the invariant manifold are derived in Section 3. In Section 4 exponential
tracking is proven. Sections 3 and 4 are almost completely independent.
In Section 5 it is shown how to modify assumptions so that the results
of Sections 3 and 4 become applicable also to hyperbolic problems.
A comparison of various assumptions is made in Section 6.

2. ASSUMPTIONS AND PRELIMINARIES

The following is the list of all assumptions that will be in effect in
Sections 3 and 4:

(H1) X is a complex Banach space.

(H2) There exists Mye (0, 0) such that if feC(R\{0}, X) and
I1/(-)l e LY(R) n L*(R), then

[T asM, [ 1f@ldo<mi [ 170 a
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where

flw)= L e " f(1) d for weR

2n
(H3) A is a sectorial operator in X, [0, 1), and X* is defined as
usual (Ref. 6, p. 29).

(H4) ZeR is such that A+iw is in the resolvent set of A4 for all
weR.

(HS) F:RxX*— Xis continuous and such that for some B,,.., B
B(X*, X), we have that

€

m

IF(6, x) = F(&, I < X I1Bx—»)|  for teR, x yeX*

j=1

12 lle*F(z, 0))|* dt < oo for some p < A.
(H7) MY sup, g [Bi(Ad—L—io) | <L

Observe that if X is any Hilbert space, then (H2) holds with M = 1.
Vagi [10] showed that if M,=1, then X has to be a Hilbert space.
A slightly strengthened version of (H2) would imply that X would have
to be homeomorphic to a Hilbert space. However, the intuitive argument
presented in Section ! suggests that (H2) is probably not needed. (H2)
is used only in the proofs of Lemmas 3.2 and 4.2.

Various well-known consequences of the above assumptions and some
definitions that are used in Sections 3 and 4 are now presented.

Let o(A) denote the spectrum of 4. Choose a <inf Re 6(A4) and note
that (Ref. 6, p.29) X* is equal to the domain of (4—a)*, |x|,=
(4 —a)*x] for x e X Since (Ref. 6, p. 26)

I(A-a)*(A-A-iw)™ || < const. | (4-a)(A-2A~iw) | * [(A-A-iw) | '~

we have that
sup [(A—a)(4—Ai—iw) <o

welR

Thus, by choosing By=1I/(A4 —a)* with le (0, co) small enough, we may
assume that

m

pA) =M, Y. c{l)<1

j=0
where
ci(A)=sup |B(4—Ai—imw)™| for j=0,1,.,m

welR
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Since A is sectorial we have that p(1) < 1 whenever |4 — 4| is small enough.
Observe also that

|F(t, x) — F(¢, )< Llx—pll, for teR, x,yeX*
where

L=, [B(4—a)””|

it

J

Let
o,={zea(4)|Rez< i}, o,={zeo(4)|Rez> 1}

Note that ¢(4)=0, U0, and that g, is bounded. Let P, e %(X) be the
projection associated with ¢,, P,=1— P, X,=P,X for i=1, 2. Choose
A1, A,€R so that supReo; <A, <i<4i,<infRecd,. As Henry (Ref. 6,
p. 30), one obtains that

X, =2(4), AX <X,

A = A restricted to X, A, e B(X))

Pe 4 =e-"p, for =0, i=1,2
o0 _AZH
e M=y (A2 for zeC
n!
n=0
— Ayt _ ,— At
e Mx=e¢ x for xeX,, t=0

and that there exists M < oo such that for all xe X

le=*l < Me™*, t20
lle=* x|, < Mt~ % “|x]|, >0

e AP, x| < Me 4" x|, <0 1)
le=*1'Py x|, < Me=*| x|, 1<0
le=*"P,x| < Me *"||x{, 20
le™*Pyx|, <Mt~ #"|x|, >0

3. INVARIANT MANIFOLD

For 1€ R define #(r)c X as follows: xe.#(z) if and only if there
exists ve C((— 00, 0], X*) such that

v(0)=x
v(t)y=e A =Dy(T) + jt e MTIF(s+ 1, v(s)) ds for —oo<T<t<0
T

JO le*v(t)| 2 dt<oo  for p=1,2

—oC
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Note that for each T R, x € X, there exists a unique ue C([1, ©), X*¥)
such that

t
u(t):e"’“’*”x‘l—J e AU F(s, u(s)) ds  for t>1

T

Therefore if xe.#(t), then there exists ue C(R, X*) such that u(t)=x,
u(t)e #(¢t) for all te R and

t
u(t)=e‘A("T’u(T)+J[‘ e I E(s,u(s))ds  for —oo<T<t<w®
T

Thus, .# is an invariant manifold. Obviously, if F is periodic in or
independent of the first variable, the same is true for .#. Some of the
properties of .# that are proved in the rest of this section are gathered in
the following theorem.

Theorem 3.1. There exists a continuous h: Rx X, — X, X* such that
M(t)={x+h(t,x)|xeX,} forall 1eR
Moreover, there exists ¢ < oo such that
lh(z, x) =z, Y)ll.<cllx—ypl  forall 1eR, x yeX,

Define a normed space Y by

0
Y= {ve C((— o0, 0], X“)'f le*v(t)| 2 dt< oo for p=1, 2}
mo/ a0 12
o] y= Y (j He’“ij(t)|}2dt> for veY

j=90

Following Chow and Lu [3], define S: Rx Y x X, —» Y by

S(z, v, x)(2) :e"’”x+[ e MU= P F(s+1, v(s)) ds
0

t
+ j e =P, F(s+1, v(s)) ds

— o

forteR, ve Y, xeX,, t<0. To see that u= S(z, v, x) € ¥, observe that

le* u(t)ll, < Me~ 2" |x|| + M jo K(t—s) 0(s) ds
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where

0(s) =™ | F(s + 7, v(s))ll < Llle*v(s)ll, + e“ | F(s + 7, 0)]

P it <0
(1)= fTreG Rt f >0

feL'(—0,0)nL*(—00,0), KeL(R)

The following observation will be come useful:

!
u(t)=e’A("T)u(T)+fe_A("‘)F(s+r,v(s))ds for —o0<T<t<0
T
(3.1)

which follows from the following:
Pou(t)=e "tix + jot e~ MU= P F(s+1, v(s)) ds
e P u(t)=x+ Jot eSP F(s+1,v(s)) ds
Plu(t)=e’A‘(’_T)P1u(T)+J;e'A‘(”s)P1F(s+r, v(s)) ds
Pou(t)= ft e =P, F(s+ 1, v(s)) ds

— 0

t
Pou(t)=e =T P,u(T) +j e O P F(s+1, 1, v(s)) ds
T

Lemma 3.2. |S(t,u, x)—S(1,0, x)|y < p(A)|lu—v]y for 1eR, xeX,,
u, veY.

Proof. Let ¢ =S(t, u, x)}(0) — S(z, v, x)(0)

(1) = eMe ¢ if >0
EWZ e#(S(, u, x)(1) = S(x, v, x)(1)) if 1<0
0 if >0

Jn= {eit(F(r +ou(t) = Flr+g,0(n)) i <0

Note that ge C(R, X*),

() 1F(-) € LYR) N LX(R)
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M= A= P, £(5) ds,

¢
— 0

g(1) =J === P £(g)ds+ f
0
0 N
c:ch:j e 7 eP, [(s) ds

For wel, let

Sg(w) :71_— ro e g(r) dt (Bochner integral in X*)

2nY -

A straightforward calculation gives that for all we R,

2n g(w) — (A—A+im) '

0
=f e g(r) dt
— o
0 K o -
= —f dsJ dt e(/.’zw)(t‘s)efAl(t—s)Pleftwsf(s)
[N —w
0 0 ) .
+J dSJ dt eu;Iw)(t“S)e“A(’*S)P26~lwsf(s)

0
=j (A =7+ i0)~ Pie~ f(s)ds

0 L. .
+f (A—Ai+iw) (1 —ete "= @) e~ f(s) ds

— o0

g@)=(A—Ai+in)"" f(w)

PN
Since B;e #(X*, X) for j=0, 1,.., m, we have that B,g=B8,¢ and

[* B ewra<|” 15 e Fd<a, " 18,6w)1? do

443

<0

o . 0
<Myt | If @) do<Mie [ Nf@I de<Myclu—ol}

which implies the conclusion.

Lemma 3.3. For each x€ X, 1€ R, there exists a unique ve Y so that

S(t, v, x)=w.
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Proof. Uniqueness follows from Lemma 3.2. Define

vy =0, U1 =35(1, v,, X) for n=0
Fa(s)=e™(F(t +5,0,,.(5) —F(t+5,0,(5))) for n=0, s<0

Note that for n=0, 1 <0,
o 12
<j ||rn(5)||2d5> 1= y<p vyl y
— 0

t
(0,4 2(0) =04 1(0) = [ X0V M Py (5) ds

0

t
+J e Ve A= p r (5)ds
—

le*(v, () —v, NI <k p",  ky=Mlvy|,(A—2) P+ (A, —4)"")

Choose ¢€(0,1) so that ¢2p and fix Te(—o00,0). For nx=0,
€ (7, 0], we obtain from (3.1)

D at) = 0y ()= A4 D0y o(T) = v, ((T))
[ e A E s 1,0, 1(5)) — Fls 1, 1,(5)) ds
T
10n s 2(8) — 4 1 (D), < M(1— T) o= D=3Tf g

3
+ ML (1=5) " 0, , 1(5) — 0,(5)].. ds
T
1
Shalt= 1) 2" bk | (1) 70,0 1(5) =, (5) o ds

where k,=Me"“ Tk (1+e °T), ky=ML(1 +¢e°T)/e. Thus, for n>1,
te(T, 0],

1—
T (D)= 0 Sy 3k e (1= Ty
S s | (=5 el (o). d (32)

and therefore there exists k, < oo such that

10,4 ()= v, () <& '(t=T) %k, for nz=1, 1e(T,0]
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Therefore there exists v e C((— o0, 0], X*) such that for all Te (— 0, 0),

lim  sup [o(t) —v,()},=0

= ® r<r<0

and this implies

0
[ neruonzai<oo

— o0

p" vy

4] 2
[ .Iei‘(v(t)~vn(t))’15dt<< ) for >0

_ 1—p I

Since p(Z)< 1 and v, do not depend on 1 for 7 close to A we also have

0
[ 1oz dr< oo

and hence ve Y, |v—v,|y— 0 as n— oo and therefore S(z, v, x)=v.
Define h: Rx X, - X, n X* as follows: choose xe X, teR, let ve Y
be such that S(z, v, x) =v and define

h(z, x) = P,u(0) = jo e P, F(s + 1, 0(s)) ds = v(0) — x

— o0

Note that if F is bounded in X and 4, >0, then % is bounded in X~

Lemma 34. M(t)={x+h(t,x)|xeX,} for all teR.

Proof. If xeX,, teR, and veY satisfies S(r,v, x)=v, then
x + h(1, x)=1(0), and in view of (3.1) we have that x + h(z, x) e .4 (7).
If v is as in the definition of .#(z), then for r <0,

[
Plv(O):eAlfplu(x)Jrj eMP F(s +1, v(s)) ds

I3
Po(t)=e NP o(0)+ [ e M=9P, Fs+1, u(s)) ds
J0
If —o0<T<1<0, then

Pyo(ty=e 4"~ DP,o(T) + f e UTIP, F(s 41, 0(s)) ds
T

and since the integral converges as T — —oo, the limit of

He*A(t—T)sz(T)“ gMe’i.zle)«THU(T)“

865/3/3-10
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as T— —oo has to exist and since ve Y it has to be 0. Therefore

sz(t)zj e A =9IP, Fs+1,v(s))ds  for t<0

— 0

and hence v = S(z, v, P,v(0)), v(0)= P,v(0) + h(z, P,v(0)).

Lemma 3.5. There exists ¢ < oo such that
lAa(z, x)—h(z, )| <clx—y| forall teR, x, yeX,
Proof. Choose x, ye X, 1e R and let u, ve Y be such that
S(t,u, x)=u, S(t,v, y)=v
d,, d,,..., denote various constants—independent of 7, x, y. Note that
u—v=3S(t,u, y)—S(t,v, y)+e " "(x—y)
lu—vly<plu—viy+dlx—yl

lu—vly<d,llx—yl

1
e’t’(u(t)—v(t))=e“e‘A"(x—y)+f eV~ =IP y(s5)ds
0
t -
+_[ e™ Ve AU=P, p(s) ds

— 0

where r(t) = e"(F(1 + 1, u(t)) — F(t + 7, v(t))) for t<0. Since {°  [r(1)]|* dr
<lu—vl}

O -
e llu(t) —v()| < Mlx—yl + Mf e =R r(s)| ds

t
FM[ e (s)] ds

<SM|x—yl+dslu—vly<dg|x—y|  for <0
Equation (3.1) implies that for —oo0 <T<1<0,

u(t)—v(t)=e~ """ "(u(T) - o(T))
+ jt e~ I F(s + 1, u(s)) — F(s + 7, v(s))) ds

lu(t) = ()| S M(1—=T) e D= d, | x— yl|

T ML (1—5)""e ™ Juls) = (s)] . ds
T



Existence of an Inertial Manifold 447

which implies [see (3.2)] that for some d5 we have
lu(t) —v{D)].<x—yI(t—=T)""ds  for te(T,0]

and since A(z, x}— h(z, y) = u(0) —v(0) — x + y, we are done.
Lemma 3.6. h:Rx X, — X" is continuous.

Remark. Inequality (3.3) below can sometimes imply more regularity
of 4.

Proof of Lemma 3.6. Fix teR, xe X,. Take ue C(R, X*) such that
u(ty=x+h(t, x), u(t)ye #(t) for te R and for —c0o < T'<1< 00,

u(t)=e A= Dy(T)+ | e I F(s, u(s)) ds
I

For ceR, ye X, we have
h(a, y)—h(t, x)=h(a, y)— ke, x)+ h(e, P u(t)) — h(o, P,u(c))
+ Pyu(6)— P,u(r)
(o, y) — Az, X).<clly —xl + c || Py] u(t) — u(o)ll
+ 1P, lu(o) — u(t),

(3.3)

Therefore |h{o, y)~ k{1, x)|,>0aso—>1, y > x.

4. EXPONENTIAL TRACKING

Choose any t1e R, ue C(Jt, o), X*) such that

t
u(r)=e () + [ e NI F(su(s)) s for i>t

T

The purpose of this section is to prove the following.

Theorem 5.1. There exists a unigue ve C(R, X*) such that
o(t) = e A¢- %(T)+f e~ AU (s u(s))ds  for —co<T<t<oo
T

T

[Tt — vz di+ [ lewizdi<m  for p=1.2
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Moreover, v(t)e #(t) for all teR and there exists Ce[0, co) which
depends only on M, A, A, A5, o, L, I, p(A), such that

e o(t)—u(t)|, < Ce’” inf |x—u(T)|, forall 1<T<t<o0
xe.#(T)

Theorem 3.1 gives a bound for
Pou(1) —h(t, Pyu(t)) = Py(u(t) — v(1)) + h(t, P,o(1)) — h(t, Pyu(t))

Define u(t)=e """ "u(z) for t <1 and let

Z= {qﬁe C(R, X*)

[ eron 2 di< o forp=1,2}

m

s} 172
|¢|z=_2 <j |1e’~’Bj¢(z)1|2d:> for ¢eZ

j=0

w(t) = —u(t)+e’A‘(’_f)P1u(r)+jl e U= P, F(s, u(s)) ds

— 0

_J' e~ A=) P F(s, u(s)) ds for 1<t

w(t)y=e " w(t)=e A" Pw(r) for t>1
Observe that we Z. Define R: Z — Z by
(Rp)(1)=w(1)+ f e AT P(F(s, g(s) +u(s)) — Fis, u(s))) ds

o

—[7 e Py (FGs, Bls) + uls)) — Fls, u(s))) ds

Lemma 4.2. |R¢— Ry|,<p(A)|¢—V|, for ¢,y eZ.
Proof. For teR let
g(t)=e"((R)(1) — (Ry)(1))
f(2)=e*(F(1, ¢(t) + u(1)) — F(1, (1) + u(2)))
As in the proof of Lemma 3.2,

gw)=(4 -1 +iw) ' f(w) for weR

[ 1B g di<i, [ 1B g do< Mz [" If 0] dr

SMicilg— Iz
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Lemma 4.3. There exists a unique @€ Z such that RO = 6. Moreover,
there exists Ce [0, co) which depends only on M, 4, Ay, 4y, o, L, I, p(1),
such that

O, < Ce*” inf  |x—u(T)|, whenever T<T<t1<o0
xe.H(T)

Proof. Uniqueness follows from Lemma 4.2. Let ¢,=0, ¢, ;= R¢,
for n> 0. Note that for teR, n>=0,

Gy 1) buir () =] e APy (5) ds

@

o0
—f e === Py (5)ds

r

rao(t)=e*(F(t, ¢, (1) +u(t)) = F(2, 4,(1) + u(2)))

Let f,(t) =e”ll¢, . () — 4,(1)], and

MLt 4! if <0

K(t)=
(?) {MLf“e”“)'Z)’ if >0

and note that

fn+1(t)<f K(t—s)f,(s)ds for n=0, 1eR (4.1)
Define K; =K, K;, ;= K+ K, for j>1 and note that
foi s SKix f, for n=0, j=1

Choose an integer N>=1 such that 2N(1—e«)>1. Young's inequality
(Ref. 6, p. 34) gives

K, e LR), q,=2N/(2N —n) for 1<n<2N
Thus, Kye L*R) and for n>0,
s sl oo S NEG N N fall 2 S UK N2 1 — Bl
I fnswllco < Knllal™ i) 0"
Therefore, there exist ® € C(R, X*), de R such that

e#0(t)~ ()l <dp"" " for n=N, teR
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Using the facts that we can replace A with 1 provided that |4 — 7] is small
enough and that this change does not effect ¢, and hence &, we see that
there exist d, < oo, e< 1, >0, such that

M |O(1) — 4 () <dye’e ™’ for teR, n=N

Thus O eZ, |©—¢,|,— 0 as n— oo and therefore RO = .
To prove the moreover part, choose any T'e [z, o), xe #(T). Let
Y € Y be such that S(T, ¥, P, x)=1, hence x =(0). Define

W(t—T)—u(t) for t<T

%(Z)={O for t>T

Yo is in general not continuous, however, ¥, = Ry, can clearly be
evaluated, and a long but straightforward calculation gives

e =D P (y(T)—x) if t<T

Yr() = Polt) = {e_,mn Px—u(T) if t>T

and thus ¢, € Z. Define ¢, ., = Ry, also for n > 1.
Since |¢, — @], - 0 as n —» co, Lemma 4.2 implies
10—yl <p" 'Y= yul./(1—p) for nx1
For n>0, teR, define g,(t) =e” Y, . (1) =¥, (2)ll,. As above,
g, <Kjxg, for nz20, j>1
lgns mloo <INl gall S WK NI Wit — Wl 2
SRyl Iy —l.p"" for n>1
<KL Mgl p™ ="t
SIKyl 1K LIl gollp”~¥~1 for n>N+1
() = (D < NKNI KN LT (L= p) M gollp™ !
for N+1<n<j, teR
e 10(t) =Y (D) < IKnll2 IKIL LI (L= p) i goll2p™ !
for n=N+1, teR

18l o

For t> T we have
O, <e”0() = n 1 (Do +go(t) + &)+ - +gn(2)
S IKNI KN LT —p) ~Higoll,
+ (A + K+ - + 1K) [ goll o
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Evaluation of [[goll», |gollw» gives
e"lOW) . < Ce'|x~u(T), for =T

where
o), < CeTix—u(T)|, for t=T

where

C=|Knl2 1K LI (1= p) ™' M /1202 — 2,)1 + 1/[2(2,— 2)]
+ M +[IK] + - +IK)

Proof of Theorem 4.1. If ® < Z is such that RO =6 and v =6 + 4,
then a long but obvious calculation shows that this v has the desired
properties.

Suppose that we have v as in Theorem 4.1. Obviously v—ueZ. We
show that v—u= R(v—u) and hence Lemma 4.3 implies uniqueness.

For —oo < T<t< oo we have

Py(u(t) —u(1)) = — Pou(t) + e ~*“~ ' P,o(T)

+ jt e A=) p_(F(s, v(s)) — F(s, u(s))) ds

T
+J e AP F(s, u(s)) ds
T
letting 7 — —co, we obtain (as in the proof of Lemma 3.4)

PAo(0) = u(t) = — Pau(t)+ | &M= P, F(s, u(s)) ds

— 0

+ f eI P (F(s, v(s)) — F(s, u(s))) ds  (4.2)

If t<t<T, then
PL(o(T) = u(T)) = =479 P, (1) — u(t)
4] e T B (B, 005)) — FGs u(s)) ds
Po(o(1) = u(t)) = e~ P (o(T) — u(T))

— fT e MU=I P (F(s, v(s)) — F(s, u(s))) ds
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letting T — oo we obtain that for 1>,

P.(o()—u(t))= —foo e NI P (F(s, v(s)) — F(s, u(s))) ds  (4.3)

If <1, then
P, (v(t)—u(t))y= — Piu(t) + e~ MU=9 P (v(t) —u(t)) + e =M= P u(t)

— f e =P F(s, v(s)) ds

t

and (4.3) implies

_ ——Plu(t)+e’A‘“”)P1u(r)—f e~ A9 P F(s, u(s)) ds
t

[T ey (R(s, v(s)) — Fls, u(s)) ds

t

— P,w(1)— jm e~ MU= P (F(s, v(s)) — F(s, u(s))) ds

this, (4.2), and (4.3) imply that v —u= R(v — u).

5. HYPERBOLIC EXTENSION

The assumption used so far that 4 is a sectorial operator can be
weakened by requiring that — A is the generator of a strongly continuous
semigroup and thus the theory becomes applicable to hyperbolic problems.
In this case the condition that A + iw is in the resolvent set of A for all real
o does not guarantee existence of subspaces with bounds on the semigroup
as presented in Section 2—therefore we have to postulate them. With these
changes and « =0 (hence X*=2X, |-||,=|-I), the results in Sections 3 and
4 apply unchanged. For the sake of clarity let me state explicitly all
assumptions needed in this case.

(V1) X is a complex Banach space.
(V2) There exists Mye (0, 00) such that if fe C(R\{0}, X) and
I/l e LYRY N LA(R), then

" wrorasm, " 1f@ido<m3 [T 1@ d
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where
. 1 0 )
f(w)=———J e~ f()dt  for weR
2T~
(V3) —A is the generator of a strongly continuous semigroup e,
t=0, on X.

(V4) X=X, ®X,withe “X,=X,,e "X, cX, for t 20, and there
exist M, < o0 and — o0 < Ay <A, <00 such that

lle x| < M,e *"||x|| for 120, xeX,

x| < M eM e x| or 120, xeX,
1

(V5) F: RxX-—>X is continuous and such that for some
B,,..,B,, € B(X), we have that

”F(t!x)_F(ta J’)||<Z ||Bj(x“y)|| for tGR’ X, yGX

(V6) Ae(ldy,A,) and j'(iw le" F(t, 0)||?dt < oo for some u< A
(VI) MoS7, Sup,, .l B(d —i—io) ' <1.

J=1
Observe that (V4) implies that there exist projections P,, P, e #(X)
such that P,X=X,, Pe *=e 4P, for i=1,2, t>0, and P, +P,=1I
(V4) also implies that e~ 4’ is invertible on X, hence, it can be extended
to a strongly continuous group defined by

e~ for =0

g X '7A1t=
(X1)se {(e”“)_‘ for <0

For ze C with 4; <Re z < 4,, one can easily show that z is in the resolvent
set of 4 and that, for all xe X,

0
(A—z) 'Px= —J e PP x dt

— 0

(4 —z)’1P2x=J e e Pyxdt
0

1 PZ
H(A_Z)IHSM1< 1P, 1P )

Rez—4, A,—Rez

As in Section 2 let B,=1[-1 with /&(0, ov) so small that

pA=M, ¥ ¢ () <1

Jj=0
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where
c;(A)=sup ||B(4—21—iw) | for j=0,1,.,m

weR

(V6), (V7), and p(4) <1 also remain valid if 4 is replaced with 7, provided
that |A— 7| is small enough. Note that

| F(z, x)— F(t, y)| < L||x — y| for teR, x,yeX

where
L=7Y B
j=0
Now =0, X*=14, |-||,=|l-||. Clearly, one can find a< 4, and M < o so

that the bounds (2.1) hold.

Theorem 5.1. In Sections 3 and 4 everything remains valid under the
above assumptions (V1)—(V7) and with the above notation.

Observe also that proofs of Lemmas 3.3, 3.5, and 4.3 can be simplified
when o < 1/2.

6. Examples. The following examples are presented for comparison
purposes.

Example 6.1. Assume that 4 is a self-adjoint operator in a Hilbert
space X and that

the spectrum of 4 is contained in (a, 4, ] U [4,, o)

for some —oo<a<l, <A,<o. A can have a continunous spectrum.
Observe that if a€ [0, 1) and i€ (4,, 4,), then

sup (4 —a)*(4—A—iw) | <max {(IZI_—Z)“, (/122__‘1)01} (6.1)

welR

Fix €0, 1) and assume that F: Rx X*— X is continuous and that for
some Le[0, ),

[F(z, x)-F(t, )l S LN (A-a)*(x-p)|  for teR, x, ye Z((4-a)")= X"

Using (6.1) with A€ (4,, 4,) that minimizes the right-hand side of (6.1), we
see that all assumptions (H1)-(H7) are satisfied if

0
j le™ F(t, 0)]12 df < o0

— o0
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and
L((Z,—aY + (A —a)y)<l,— 4 (6.2)

In the literature the conditions corresponding to (6.2) are much more
involved (see (5.1) of Chow and Lu [3], (5.3) of Foias et al [4],
pp. 143-150 of Henry [6], p.423 of Temam [9]). Their expressions
become singular as « —» 1 (< 1/2 of Temam [9]. Mowever, it was known
[8] that if =0, then (6.2) is sufficient for the existence of an inertial
manifold when the spectrum of A consists of eigenvalues only—which is
assumed also by Foias ef al. [4] and Temam [9]. No assumptions on the
range of F are made here, however, if one has that F: X*+# - X? for some
B >0, then one may want to use X” instead of X for the basic space.

Example 6.2. Consider

u=u,+f(x, t,uu,), O<x<nm, (>0

6.3
u(0, t)y=u(n, t)=0 (63)

where f:[0,71)xRxCxC —C is continuous and such that, for some
L, <0, L,< o0, we have that for all values of arguments,

|f(x, 8,2y, 25) — f(x, 1,8, $2)| < Ly |z, — 54 + L,ylzy— 5,

Let X=L1*0,=%n), Au= —u" for wueHLO,n)n H*(0,n), Byu=L,u,
Byu=L,u' for ye H'(0,n), ae[1/2,1), A=(n’+(n+1)*)/2. By using
(6.1), (H7) becomes
L, 4 n+1 <
n+12 Pr+1)2

1
Thus if L, <1 and
0 n
j d:j dx " (x, 1, 0, 0)] < oo
— o0 6]

for some real p, then all assumption (H1)-(H7) can be satisfied by
choosing n large enough. Existence of an invariant manifold for sufficiently
small L, has been shown by Brunovsky and Terescak (1989).
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