HOLOMORPHIC OPEN BOOK DECOMPOSITIONS

CASIM ABBAS

Abstract

Giroux showed that every contact structure on a closed 3-dimensional manifold is
supported by an open book decomposition. We extend this result by showing that the
open book decomposition can be chosen in such a way that the pages are solutions to
a homological perturbed holomorphic curve equation.
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1. Introduction
This paper is the starting point of a larger program by the author, Hofer, and Lisi
investigating a perturbed holomorphic curve equation in the symplectization of a 3-
dimensional contact manifold (see [6], [7]). One aim of this program is to provide
an alternative proof of the Weinstein conjecture in dimension 3 as outlined in [4]
complementing Taubes’s gauge theoretical proof (see [33], [34]). A special case of
this paper’s main result has been used in the proof of the Weinstein conjecture for
planar contact structures in [4]. Another reason for studying this equation is to construct
foliations by surfaces of section with nontrivial genus. This is usually impossible to
do with the unperturbed holomorphic curve equation since solutions generically do
not exist.

Consider a closed 3-dimensional manifold M equipped with a contact form A.
This is a 1-form which satisfies A A dA # 0 at every point of M. We denote the
associated contact structure by £ = ker A, and we denote the Reeb vector field by X;.
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Recall that the Reeb vector field is defined by the two equations

lX,\d)" =0 and lX,\)" = 1.

Definition 1.1 (Open book decomposition)

Assume that K C M is a link in M and that T : M\K — S'is a fibration so
that the fibers Fy = t7!(¥) are interiors of compact embedded surfaces Fj with
9F, = K, where ¢ is the coordinate along K. We also assume that K has a tubular
neighborhood K x D, D C R? being the open unit disk, such that T restricted to
K x (D\{0}) is given by t(¢, r, ) = ¢, where (r, ¢) are polar coordinates on D.
Then we call t an open book decomposition of M, the link K is called the binding of
the open book decomposition, and the surfaces Fy are called the pages of the open
book decomposition.

It is a well-known result in 3-dimensional topology that every closed 3-dimensional
orientable manifold admits an open book decomposition. Indeed, Alexander proved
the following theorem in 1923 (see [10], [30]):

THEOREM 1.2
Every closed, orientable manifold M of dimension 3 is diffeomorphic to

W(h) Uy (W x D?),

where D? is the closed unit disk in R?, where W is an orientable surface with boundary,
and where h : W — W is an orientation-preserving diffeomorphism which restricts
to the identity near dW. Here W (h) denotes the manifold obtained from W x [0, 27 ]
by identifying (x, 0) with (h(x), 2m).

The above decomposition is an open book decomposition, and the pages are given by
Fy =W x{9HhUa(@W x Iy), 0= <2m,

where Iy := {re'” € D*|0 < r < 1}, and the binding is given by K = W x {0}.
Note that we allow d W to be disconnected.

Giroux introduced the notion of an open book decomposition supporting a contact
structure.

Definition 1.3 (Supporting open book decomposition; see [16])

Assume that M is a closed 3-dimensional manifold endowed with a contact form A.
Let T be an open book decomposition with binding K. We say that t supports the
contact structure & if there exists a contact form A’ with the same kernel as A so that
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d) induces an area form on each fiber F;y with K consisting of closed orbits of the
Reeb vector field X/, and A" orients K as the boundary of (Fy, d)\).

We refer to a contact form A’ above as a Giroux contact form. Note that A’ is not unique
and that it is in general different from the original contact form A. The following
theorem by Giroux guarantees existence of such open book decompositions, and it
contains a uniqueness statement as well (see also [16, Proposition 2]).

THEOREM 1.4 ([16, Theorem 3])

Every co-oriented contact structure £ = ker A on a closed 3-dimensional manifold is
supported by some open book. Conversely, if two contact structures are supported by
the same open book, then they are diffeomorphic.

In the topological category, it is possible to modify an open book decomposition
such that the pages of the new decomposition have lower genus at the expense of
increasing the number of connected components of K. It was not known for some
time whether a similar statement could also be made in the context of supporting open
book decompositions. In particular, it was unclear whether every contact structure
was supported by an open book decomposition whose pages were punctured spheres
(planar pages). The author and his collaborators could resolve the Weinstein conjecture
for contact forms inducing a planar contact structure in 2005 (see [4]). So the question
of whether all contact structures are planar became a priority, which prompted Etnyre
to address it in [14]. He showed that overtwisted contact structures always admit
supporting open book decompositions with planar pages, but many contact structures
do not. Since then, planar open book decompositions have become an important tool
in contact geometry.

In this paper, we will prove that every contact structure has a supporting open book
decomposition such that the pages solve a homological perturbed Cauchy-Riemann
type equation which we now describe after introducing some notation. We write
mw, = : TM — & for the projection along the Reeb vector field X . Fix a complex
multiplication J : § — & so that the map & @ & — R, defined by

(h,k) = dx(h, Jk),

defines a positive definite metric on the fibers. We call such complex multiplications
compatible (with d)). The equation of interest here is the following nonlinear first-
order elliptic system. The solutions consist of 5-tuplets (S, j, ', it, y) where (S, j)
is a closed Riemann surface with complex structure j, I' C S is a finite subset,
i=(a,u):S—>Rx M1sapropermapw1thS = S\TI,and y isa l-formon S so
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that

moTuoj=JomwoTu on S
(u*r)oj=da+y on S

dy =d(yoj)=0on S
E(i1) < oc.

(1.1)

Here the energy E(i1) is defined by

E(@) = sup / 7*d(ph),
peX JS
where X consists of all smooth maps ¢ : R — [0, 1] with ¢/(s) > O for all s € R.
Note that equation (1.1) reduces to the usual pseudoholomorphic curve equation
in the symplectization R x M if we set y = 0. The following proposition, which is a
modification of a result by Hofer [17], shows that solutions to problem (1.1) approach
cylinders over periodic orbits of the Reeb vector field.

PROPOSITION 1.5

Let (M, A) be a closed 3-dimensional manifold equipped with a contact form A. Then
the associated Reeb vector field has periodic orbits if and only if the associated PDE
problem (1.1) has a nonconstant solution.

Proof

Let (S, j, ', ii, y) be a nonconstant solution of (1.1). If I # @, then the results in [17]
imply that, near a puncture, the solution is asymptotic to a periodic orbit (see also [3]
for a complete proof). Here we use the fact that y is exact near the punctures. The
aim now is to show that, in the absence of punctures, the map a is constant while the
image of u lies on a periodic Reeb orbit. Assume that I' = (. Since

u*A=—daoj—vyoj,
we find, after applying d, that
Aja = —d(dao j)=u"d\.

In view of the equation m o Tu o j = J o o Tu, we see that u*dA is a nonnegative
integrand. Applying Stokes’s theorem, we obtain ' gu*d) = 0, implying that

woTu=0.
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Hence a is a harmonic function on S and therefore constant. So far, we also know that
the image of u lies on a Reeb trajectory, and it remains to show that this trajectory is
actually periodic.

Let T : § — S be the universal covering map. The complex structure j lifts to a
complex structure j on S. Now pick smooth functions f, g on S such that

* ~

dg=t'y =y, —df=t"(yoj)=7o]j.
Then the map u o T : § — M satisfies
(mot)'r = df.
The image of u o 7 lies on a trajectory x of the Reeb vector field in view of

D o)) = Df()C - X, ((u 0 1)),

hence (1 o 7)(z) = x(h(z)) for some smooth function 4 on S, and it follows that, after
maybe adding a constant to f, we have

o)z = x(f(2)).

The function f does not descend to S. If it did, it would have to be constant since it
is harmonic. On the other hand, this would imply that u is constant in contradiction to
our assumption that it is not. Therefore, there is a point ¢ € S and two lifts z9, z; € S
such that f(zo) > f(z1).Let£ : S' — S bealoop whichliftstoapathe : [0, 1] = S
with «(0) = zp and a(1) = z;. Considering the map

vi=uol:S' — M,

we see that v(t) = (u o T o a)(t) = x(f(e(t))) and x(f(20)) = x(f(z1)), that is, the
trajectory x is a periodic orbit. Hence the image of u is a periodic orbit for the Reeb
vector field. a

The following is the main result of this paper.

THEOREM 1.6

Let M be a closed 3-dimensional manifold, and let X' be a contact form on M. Then

the following holds for a suitable contact form A = f )/, where f is a positive function

on M. There exists a smooth family (S, j., Uy, i, = (a;, U;), Vi )rest of solutions to

(1.1) for a suitable compatible complex structure J : ker A — ker A such that

° all maps u, have the same asymptotic limit K at the punctures, where K is a
finite union of periodic trajectories of the Reeb vector field X ;
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u(S) Nu(S) =0 if t #1/;

M\K = U, 5 4:(S); |

the projection P onto S' defined by p € u.(S) — t is a fibration;

the open book decomposition given by (P, K) supports the contact structure

ker A, and A is a Giroux form.

Here is a very brief outline of the argument. The reader is invited to skip forward to
Section 4 to see in more detail how all the partial results of this paper are tied together
to prove the main result. In Section 2, we find a Giroux contact form which has a
certain normal form near the binding. Following an argument by Wendl ([39], [38]),
we will then almost be able to turn the Giroux leaves into solutions of (1.1) without
harmonic form except for the fact that we have to accept a confoliation form instead
of a contact form. Pick one of these Giroux leaves as a starting point. The next step is
to prove a result which permits us to perturb the Giroux leaf into a genuine solution
of (1.1) while simultaneously perturbing the confoliation form slightly into a contact
form. This is where the harmonic form in (1.1) is required. We actually obtain a local
family of nearby solutions, not just one. In Section 3, we prove a compactness result
which extends the local family of solutions into a global one. The remarkable fact is
that there is a compactness result in the context of this paper, although there is none
in general for the perturbed holomorphic curve equation. The special circumstances
in this paper imply a crucial a priori bound which implies that a sequence of solutions
has a pointwise convergent subsequence with a measurable limit. The objective is then
to show that the regularity of this limit is much better, that it is actually smooth.

We consider two solutions (S, j, I, i, y)and (S’, j', I'', @', ') equivalent if there
exists a biholomorphic map ¢ : (S, j) — (§’, j') mapping I" to I'” (preserving the
enumeration) so that i’ o ¢ = ii. We will often identify a solution (S, j, I', i, y) of
(1.1) with its equivalence class [S, j, T, it, ' ]. We note that we have a natural R-action
on the solution set by associating to ¢ € R and [S, j, T, i, y] the new solution

c+ IS, i, a,vl=IS,j,T,(a+c,u),yl, @=I(a,u).

A crucial concept for our discussion is the notion of a finite energy foliation % .

Definition 1.7 (Finite energy foliation)
A foliation ¥ of R x M is called a finite energy foliation if every leaf F is the image
of an embedded solution [S, j, I, it, y] of the equations (1.1), that is,

F =i($),
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so that u(S) C M is transverse to the Reeb vector field, and for every leaf F € ¥ we
also have ¢ + F € ¥ for every ¢ € R; that is, the foliation is R-invariant.

We recall the concept of a global surface of section. Let M be a closed 3-manifold,
and let X be a nowhere-vanishing smooth vector field.

Definition 1.8 (Surface of section)

(a) A local surface of section for (M, X) consists of an embedded compact surface
® C M with boundary, so that 0® consists of a finite union of periodic orbits
(called the binding orbits). In addition, the interior ®=0 \ 0O is transverse
to the flow.

(b) A local surface of section is called a global surface of section if, in addition,
every orbit other than a binding orbit hits ® in forward and backward time.
Furthermore, the globally defined return map ¥ : © — © has a bounded
return time; that is, there exists a constant ¢ > 0 so that every x € O hits ©
again in forward time not exceeding c.

Using Proposition 2.5 below, the existence part of Giroux’s theorem can be rephrased
as follows.

THEOREM 1.9

Let M be a closed orientable 3-manifold, and let X be a contact form on M. Then
there exists a smooth function f : M — (0, 00) so that the contact form A = fA has
a Reeb vector field admitting a global surface of section.

Existence results for finite energy foliations with a given contact form A are hard to
come by since they usually have striking consequences. In [20] for example, Hofer,
Wysocki, and Zehnder show that every compact strictly convex energy hypersurface
S in R* carries either two or infinitely many closed characteristics. The proof relies on
constructing a special finite energy foliation. In special cases they were established by
Hofer, Wysocki, and Zehnder [22] and by Wendl ([38], [40]). Proofs usually require
a starting point, that is, a finite energy foliation for a slightly different situation as the
given one. Then some kind of continuation argument is employed where all kinds of
things can and do happen to the original foliation. In [22], the authors start with an
explicit finite energy foliation for the round 3-dimensional sphere S* C R* which is
then deformed. Wendl’s papers also use a rather special manifold as a starting point.
The main result of this paper, Theorem 1.6, provides a starting finite energy foliation
for any closed 3-dimensional contact manifold (M, ker A) since it is obtained from
deforming the leaves of Giroux’s open book decomposition. The pages are usually
not punctured spheres, and generically there are no pseudoholomorphic curves on
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punctured surfaces with genus which are transverse to the Reeb vector field. This
makes the introduction of the harmonic form in (1.1) a necessity. The price to be paid
is that compactness issues are more complicated.

Wendl [39] published a proof of Theorem 1.6 for the special case where ker A is
a planar contact structure, that is, where the surfaces S are punctured spheres. This
result was outlined in [4]. Regardless of whether the contact structure is planar or not,
there are two main steps in the proof: existence of a solution and compactness of a
family of solutions. While the author established the compactness part for Theorem
1.6 long before [4] appeared, we will use the same argument described by Wendl in
[39] for the existence part since it simplifies the proof considerably.

The main theorem of this article was the first step in the proof of the Weinstein
conjecture for the planar case in [4]. Recall that the Weinstein conjecture [38, p. 358]
states the following: Every Reeb vector field X on a closed contact manifold M admits
a periodic orbit.

In fact, Weinstein added the additional hypothesis that the first cohomology group
H'(M, R) with real coefficients vanishes, but there seems to be no indication that this
additional hypothesis is needed.

Moreover, Theorem 1.6 is also the starting point for the construction of global
surfaces of section in the forthcoming paper [7]. Another application will be an
alternative proof of the Weinstein conjecture in dimension 3 (see [7]) as outlined in
[4]. This complements Taubes’s recent proof of the Weinstein conjecture in dimension
3 using a perturbed version of the Seiberg-Witten equations (see [33], [34]). The
main issue with the homological perturbed holomorphic curve equation (1.1) is that
there is no natural compactification of the space of solutions unless the harmonic
forms are uniformly bounded. In the forthcoming papers [6] and [7] the lack of com-
pactness is investigated, and bounds for the harmonic forms are derived in particular
cases.

2. Existence and local foliations

2.1. Local model near the binding orbits

We use the same approach as in [39] and [38] to prove existence of a solution to
(1.1). Given a closed contact 3-manifold (M, &), Giroux’s theorem implies that there
is an open book decomposition as in Theorem 1.2 supporting &. On the other hand,
any other contact structure &’ supported by the same open book is diffeomorphic to
&. Starting with an open book decomposition for M, we construct a contact struc-
ture supported by Giroux contact form A which has a certain normal form near the
binding.
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Definition 2.1
Let € S' = R/2nZ denote polar coordinates on the unit disk D C R? by (r, ¢),
and let y1, ¥, : [0, +00) — R be smooth functions. A 1-form

A= y(r)do + y(r)de

is called a local model near the binding if the following conditions are satisfied:

(1)  the functions y;, ¥», and y»(r)/r?* are smooth if considered as functions on the
disk D (in particular, y/(0) = y,(0) = y2(0) = 0);

(2)  u(r) = n@)yr) — yir)y@) > 0ifr > 0;

3) y1(0) > Oand y/(r) < Oifr > 0;

@) lim,o(u(r)/r) = y1(0)y,'(0) > 0;

&) «:=000)/y0) ¢ Zandk < —1/2;

(6) A(r) = (1/ () (3 (r)y{(r) — y{(r)y;(r)) is of order r for small r > 0.

We explain some of the conditions above. First, since

AAdA—u(r)d@AdrAdq&—&)de/\dx/\dy,

the form A is a contact form on S' x D. The Reeb vector field is given by

() 8 yi(r) 8 9 K3
w36 urag 0 ) +‘ﬁ(r)w

The trajectories of X all lie on tori 7, = S' x dD,:

XO,r, ¢) =

0(t) =6p +a(r)t, ¢(1) = ¢o + B(r)t. 2.1)
We compute
hm o(r) = lim N(r) )/2”((?/) = !
=0 =0 w'(r) — »1(0)yy0)  y(0)
and
lim (r) = ne WO
Do T n 0)y,'(0)
Recalling that -2 % = x— = y— we obtain for r =0

19
" (086
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that is, the central orbit has minimal period 27 1 (0). If the ratio «(r)/ 8(r) is irrational
then the torus 7, carries no periodic trajectories. Otherwise, 7, is foliated with periodic
trajectories of minimal period

_ 2mm _ 2nn

T=— = ——

o B’
where o/ = m/n or B/a = n/m for suitable integers m, n (choose whatever makes
sense if either o or B is zero). We calculate

tim % _ i 2 ORE) — 1O )
im — = lim
r=0dr =0 )
i 2O KO p@) v
= lim -
=02 (r) =0 2u(r) o u(r)
_ 'O Oy 0,0
2p/(0) 2(w(0))
=0

since n”(0) = 1(0)y,"(0) and '(0) = y1(0)y,'(0) > 0. Converting to Cartesian
coordinates on the disk, we get

d d d
X(Q,X, y) =a(x7 )’)3_9 _ﬁ(-xv )0)75 + ﬁ(xv Y)xa,

and linearizing the Reeb vector field along the center orbit yields

00 0
DX®,0,00=]10 0 —pB©O)
0B80) O

The linearization of the Reeb flow is given by

1 0 0
D¢, (6,0,0) = | 0cosB(0) —sin B(0)t 2.2)
0 sin 8(0)r cos B(0)¢

with

0 —1
— ,BOnJ _
d(t) = PO 1_<1 o)'

The spectrum of ®(7) is given by

o (1) = {1},
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The binding orbit has period 27 y;(0), since

/' (0)

0)B8(0) = —
y1(0)B(0) 27 0)

¢ Z,
and it is nondegenerate and elliptic.

Example 2.2
For the contact form T d0 +(1/k)(x dy — y dx) = T d + (r*/ k)d ¢ the central orbit
S x {0} is degenerate, but

2
A=(1—r2)(Tdo+ %dqb)

is a local model near the binding if

1
k, T >0, kT ¢ 7., and kT > X
In this case,
2rT "0
ur) = r_(l -’ >0 and )/1//( ) = —kT,
k ¥, (0)
and we note that
AC) = —— (W) — HOWE) =
r) = )y, (r) — ry,(r)) = .

If

alr) _yz/(r) _ 1 —2r2 _m

B(r) r@) kT n
for integers n, m, then the invariant torus 7, is foliated with periodic orbits. The
case m = ( is only possible if r = 1/ V2. If ris sufficiently small, then [m| > 2.
Indeed, we would otherwise be able to find sequences r; N\, 0 and {n;} C Z such that
kT/(1 — 2r?) = n;, which is impossible. The binding orbit has period 27 T while
the periodic orbits close to the binding orbit have much larger periods equal to

(1 —r2y?

T =2nTm———.
1—2r2

Example 2.3
Consider the contact form A = T(1 — r?)d0 + (r*/k)d¢ on S' x D. It is also a
local model near the binding if k, T > 0, kT > 1/2, and kT is not an integer. We
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even have A(r) = 0. In contrast to Example 2.2, if kT ¢ Q, then the invariant tori 7,
carry no periodic orbits. If kT = n/m € Q but not in Z, all invariant tori are foliated
with periodic orbits of period 2rmT with |m| > 2 while the binding orbit has period
27 T. The function A(r) is identically zero. This is the contact form on the irrational
ellipsoid in R?.

The following proposition is essentially due to Wendl. The construction in the proof
was used by Thurston and Winkelnkemper [35] to show existence of contact forms on
closed 3-manifolds.

PROPOSITION 2.4 ([39, Proposition 1])
Let M be a 3-dimensional manifold given by an open book decomposition

M = W(h) U (3W x D?)
as described in Theorem 1.2. We denote the pages by
Fy =W x{a)h)Uy OW x I,), 0<oa<2m,

where I, := {re’* € D|0 < r < 1}, and we denote the binding dW x {0} by K.

Moreover, let Ay be a contact form on 0W x D which is a local model near the binding

on each connected component of IW x D. Then there is a smooth family of 1-forms

(Xs)o<s<1 on M such that the following hold.

° The form Aq is a confoliation 1-form; that is, .o A dAg > 0, and ker Ay agrees
with the tangent spaces to the pages Fy away from the binding.

° For § > 0, the forms Lg are contact forms such that ker As is supported by the
above open book. In particular, the Reeb vector fields X, are transverse to the
pages Fy, and the binding K consists of periodic orbits of X,,.

° The forms A5 agree with the local model A, near the binding. In particular, the
binding orbits are nondegenerate and elliptic.

Proof
We first construct contact/confoliation forms A; on W(h), depending smoothly on a
parameter § > 0, that we control well near the boundary dW (h) ~ dW x S'. Then
we glue these forms together with A, in a smooth way to obtain a contact form on
W(h) Uq (dW x D?) for § > 0 or a confoliation form for § = 0. This procedure was
used by Thurston and Winkelnkemper [35], where they showed that every open book
is supported by some contact structure.

Starting with an open book as above, we can find a collar neighborhood C of
dW so that h(¢,0) = (¢t,0) for all (¢,0) € C. Here we identify (C, 0W) with
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([0, €] x (UnSl), {0} x (UnSl)), where we take an n-fold disjoint union of circles
S! ~ R /277 according to the number n of components of dW.

We claim that there is an area form €2 on W that satisfies
° f w 2 =2mn,
° Qlc = dt AN d6.
Indeed, start with any area form € so that fw Q' = 2mn. Then we have Q'|¢c =
f'(t, 0)dt AdO with a positive smooth function f’ (after switching signs if necessary).
Now pick a new smooth positive function f which is equal to some constant c if
t < (1/3)e and which agrees with f’ if + > (2/3)e so that the resulting area form
Q still satisfies fw Q2 = 27mn. Do one component of dW at a time. Rescaling the
t-coordinate, we may assume that ¢ = 1.

Let oy be any 1-form on W which equals (1 + #) d6 near d W. Then by Stokes’s
theorem we obtain

/(Q—do@:Znn—/ a1=2nn—|—/ do = 0.
w aw aw

The 2-form 2 —da; on W is closed and vanishes near d W. Then there exists a 1-form
B on W with

d,B =Q— dal
and = 0 near dW. Now define o, := o1 + B. Then «; satisfies the following:

e du, is an area form on W inducing the same orientation as €2, (2.3)
o ar =(1+1)d6 neardW. 2.4)
The set of 1-forms on W satisfying (2.3) and (2.4) is therefore nonempty and also

convex. We define the following 1-form on W x [0, 2], where « is any 1-form on
W satisfying (2.3) and (2.4):

alx, ) :=1a(x)+ Qr — )W a)(x).

This 1-form descends to the quotient W (#), and the restriction to each fiber of the
fiber bundle W (h) 5 S! satisfies condition (2.3). Moreover, since & = Id near oW,
we have @(x, ) = 2 (1 +1)d0 for all (x, T) = ((¢, 0), T) near IW(h) = W x S'.
Let dt be a volume form on S'. We claim that

A= =d8a +mrdT



42 CASIM ABBAS

are contact forms on W (k) whenever § > 0 is sufficiently small. Pick (x, ) € W(h),
and let {u, v, w} be a basis of T, ., W(h) with m,u = v = 0. Then

(A Adr)(x, T)(u, v, w)
= 8@ nda)x,)u, v, w) — §[dt(m.w)dax, T)u, v)]
#0

for sufficiently small § > 0, and dA; is a volume form on W. Now we have to continue
the contact forms A; beyond dW(h) ~ W x S! onto dW x D?. At this point it is

convenient to change coordinates. We identify C x S' with 9W x (D{,,\ D7), where

Df) is the 2-disk of radius p. Using polar coordinates (7, ¢)) on D7 e With0 < ¢ <27

and 0 < r < 1+ ¢, our old coordinates are related to the new ones by

AW x (D}, \D}) > @, r,¢)~®,1+1,1)eC x §',

I+e

and A; is given by
8
M=——rdo0+ d¢
2

on dW x (D7, \D?), with ¢ sufficiently small so that (2.4) holds. From now on we

drop the factor 1/2m, absorbing it into the constant §. We have to extend this now
smoothly to a contact form on dW x D7, which agrees with A, near {r = 0}. We set

A= yr)do + y(r)de,
where y1, ¥, satisfy the conditions in Definition 2.1 for small r, say r < gy, and
y(r) = —ér, y(r)y=1 forr >1—¢g.
If we write ¥ (r) = y1(r) + iy2(r) = p(r) e®"), then
1(r) := Y1)y (r) = Yi)yar) = Ry () y'(r) = p*(na' (),
which has to be positive. Also recall from Definition 2.1 that
y1(0) >0 and y(r) <0 ifr >0,

hence the curves y = y; have to turn counterclockwise in the first quadrant starting
at the point (y1(0), 0) and later connecting with (—&§(1 — &), 1). In the case where
6 > 0, the Reeb vector fields are given by

oo He) o
w(r) 36 u(r) d¢’

X501, ¢) =
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and, in particular,
ad
Xs@,r, @) = % forr > 1 — &, (2.5)

which implies that the Reeb vector fields X converge as 6 \ 0. In addition to A; being
contact forms for § > 0, we also want the given open book decomposition to support
ker A5, hence X5 needs to be transverse to the pages of the open book decomposition
which is equivalent to y{(r) # 0. A curve y(r) fulfilling these conditions can clearly
be constructed. O

The following result shows that we can always assume that a Giroux contact form is
equal to any of the forms provided by Proposition 2.4.

PROPOSITION 2.5

Let M be a closed 3-dimensional manifold with contact structure &. Then, for every
8 > 0, there is a diffeomorphism @5 : M — M such that ker As = ¢,.& where As is
given by Proposition 2.4.

Proof

Existence of an open book decomposition supporting & follows from the existence
part of Giroux’s theorem. On the other hand, Proposition 2.4 yields contact forms As
such that ker A; is also supported by the same open book decomposition as & for any
8 > 0. By the uniqueness part of Giroux’s theorem, £ and ker A; are diffeomorphic. O

It follows from our previous construction of the forms A that A satisfies Ag AdAy > 0
on dW x D;_,, and that A, = d¢ otherwise. For § — 0, the Reeb vector fields X will
converge to some vector field X, which is the Reeb vector field of Ag if r < 1 — g
and which equals % everywhere else.

PROPOSITION 2.6
Let M be a closed 3-dimensional manifold with an open book decomposition and a
family of 1-forms A5, § > 0 as in Proposition 2.4. Then we have

° a smooth family (75)520 of almost-complex structures on T(R x M) which
are R-independent and which satisfy J5(Xs) = —d/9t, where T denotes the
coordinate on R, so that Js = jglker x, are ds-compatible whenever As is a
contact form;

° a parameterization of the Giroux leaves u,, : S —> M, ac [0, 2], where
S = S\{p1. ..., pa} and where S is a closed surface; and

) a smooth family of smooth functions a,, S—>R

such that i, = (ay, Uy) : S > Rx Mis a family of embedded jo-holomorphic
curves for a suitable smooth family of complex structures j, on S which restrict to
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the standard complex structure on the cylinder [0, +00) x S! after introducing polar
coordinates near the punctures. Moreover, all the punctures are positive™ the family
(fig Jo<a <27 IS a finite energy foliation, and the curves i, are j(;—holomorphic near the
punctures.

Proof
We parameterize the leaves of the open book decomposition u, : S>MO0<a<
27, and we assume that they look as follows near the binding:

Uy : [0, +00) x S' — S' x Dy,

ug(s, 1) = (¢, r(s)e’®), 2.6)

where r are smooth functions with lim,_,, 7(s) = O to be determined shortly. We
use the notation (r, ¢) for polar coordinates on the disk D = D;. We identify some
neighborhood U of the punctures of § with a finite disjoint union of half-cylinders
[0, +00) x S!. Recall that the binding orbit is given by

x(t)=< " 0) 0 <1< 2mp(0)

and that it has minimal period T = 27 ,(0). We define smooth functions a,, : S—>R
by

a,(2) 1= {(j)loY 14! (F(S/)) ds' ifz = (s, 1) € [0, +00) x sl cU.

ifz¢ U
so that
urhoo j = day,

where j is a complex structure on S which equals the standard structure i on [0, +00) X
S! (i.e., near the punctures). We want to turn the maps it, = (dq, Uy) : S—>RxM
into Jo-holomorphic curves for a suitable almost-complex structure J, on R x M.
Recall that the contact structure is given by

ol
ket = Span(ni, ma) = Span{ -, —a(r)o+ 1 %}

We define complex structures Js : ker A; — ker As by

1 0

150, 6)( = 7o)+ 1 )—¢) =~ 5 @7

*A puncture p; is called positive for the curve (dq, ug) if lim,, ,; a,(z) = +o00.
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and
d ad d
J 97 ) - = h ( - VY _>’
5( r¢)8r (r) Vz(r)89+yl(r)a¢
where i : (0, 1] — R\{0} are suitable smooth functions. Also recall that y;, y»

depend on § away from the binding orbit. We want Js to be compatible with dA;, that
is, we want

Dl T — EEE) =0 el Tl Ji) — % - 0

so that 2(r) > 0. We also demand that J5 extends smoothly over the binding {r = 0}.
Expressing the vectors 7; and 7, in Cartesian coordinates, we have

1( 8+ 8)

= —| X — —

U r\ ox y8y

and

0

9 9
N = —Vz(r)a—e +n(r)x By yi(r)y P

We introduce the following generators of the contact structure:

) a xyy(r) o
e i=nr)— — —
=N~ "2 a0
(r) x
= m+ —Zm
r r
and
, d  yr(r) o
& = Vl(r)ax—I— o
xy(r) y
= m = 5m.
r r
We compute from this
m= (yer +xe), Mm=Xx€& —Yyé&.
ryi(r)
Now
e O x
81 = . n2 r2h(r)m
1 xy
= (- 7 _—)
(rxyyl(r) (r) Fhona) &

2

1, X
- <;y vi(r)h(r) + W) &
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and

__xyi(r)h(r) y
Js&r = Tt 2™

— ( rxwl(r)h(r) 0 r3h(r)V1(V)) 2

1 y?
+<—x2 rh(r —|——>e.
SRORC) + s e
Inserting x = r cos ¢, y = r sin ¢, and demanding that the limit is ¢-independent as
r — 0, we arrive at the condition that r h(r) y,(r) = =% 1 for small r. Recalling that
we need i > 0, we obtain

h(r) =

for small r.
ryi(r

As usual, we continue J; to an almost-complex structure J; on R x M by setting
= a
JS(Q’ r, ¢)£ = X(S(Q’ r, ¢)’

where T denotes the coordinate in the R-direction. We emphasize that J; also makes
sense for § = 0. We now arrange r(s) in (2.6) such that the Giroux leaves it, = (aq, Ug)
become Jy-holomorphic curves.* We compute for r < 1 — g

~ ) d o a
a€~o¢ Jo(uq 8~a: o '— Jo(utg _)
Vi + Tttt = 1) 5= 41—+ Jo(wa) (5

= A, X
= VI(V)E +r 3 + Joue) (y1(r) Xs(ua))
L0
+ Jotwa) (55 = )X (wa)

d -
=r'— + Jo(ua)
ar

. P\
= (7'~ u(y;)%:(r))a_r’

hence the Giroux leaves satisfy the equation if we choose r to be a solution of the
ordinary differential equation

(V{(r)

A2 ()35~ )55))

99

von . Yilr(s)
r(s) = — 2
p(r(s)) h(r(s))

*The calculation shows that we can make them J;-holomorphic for all § > 0 near the binding.
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Note that r'(s) < 0. We also choose A(r) = 1 for r > 1 — g3. We continue the
almost-complex structures Js : ker A ;s — ker A5 (which were only defined near the
binding) smoothly to all of M. Away from the binding we have X; = d/d¢, and we
extend Js as before to T(R x M). Away from the binding, if § = 0, we have that
ker X coincides with the tangent spaces of the pages of the open book decomposition.
Because a, is constant away from the binding, the solutions i, which we constructed
near the binding fit together smoothly with the pages of the open book decomposition
and solve the holomorphic curve equation for the almost-complex structure Jy. O

Remark 2.7
Near the binding orbit the function r(s) satisfies a differential equation of the form

Vi r$)yi(r(s))

r'(s) = A(r(s)) r(s) :== 26

r(s)’

and

o)
—— =K
¥4 (0)

Writing r(s) = c(s)e*®, the function c(s) satisfies ¢’(s) = (A(r(s)) — «)c(s), and
hence it is a decreasing function which converges to a constant as s — +00.

lim A(r) =
r—0

We return to Examples 2.2 and 2.3, and we compute r(s) for large s. The differential
equation in the case of Example 2.3 for large s is

/ Yir(s)yi(r(s)) 5
r'(s) = Wr(s) = —kT(l —r (s))r(s),
so that
1

where c is a constant. In Example 2.2, the differential equation reads

r(s) =

oy Y@ o kT
"= eey YT T
and solutions satisfy
r(s) = ceKTs (1/2r%)

2.2. Functional analytic setup and the implicit function theorem
In the following theorem we prove the existence of a smooth family of solutions near a
given solution. In Proposition 2.6, we constructed a finite energy foliation for the data
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(Ao, Jo) with vanishing harmonic form. The form Ay, however, is only a confoliation
form. We produce solutions for the perturbed data (A;, J5), and harmonic forms appear
if the surface S is not a sphere. The key result is an application of the implicit function
theorem in a suitable setting.

THEOREM 2.8

Assume one of the following.

(1) Let (ag, ugp) : S — R x M be one of the jo—holomorphic curves described in
Proposition 2.6 with complex structure jy on S (we refer to such u as a Giroux
leaf) and confoliation form Ay.

(2)  Let (S, Jo, Ao, Ug, Yo) be a solution of the differential equation (1.1) for some
dAo-compatible complex structure Jy : Ker Ay — ker Ay which, near the bind-
ing orbit, agrees with (2.7), and where A is a contact form which is a local
model near the binding. Assume that uq is an embedding and that it is of the
form ug = ¢(vo), where g : S — R is a smooth function, ¢ is the flow of the
Reeb vector field, and where vy : S — M is a Giroux leaf as in Proposition
2.6.

(3)  Let Js be a smooth family of ds-compatible complex structures also agreeing
with (2.7) near the binding orbit, where (As)_ccs<+e, € > 0 is a smooth family
of 1-forms which are contact forms for 8 # 0 and local models near the
binding. Then there is a smooth family

(Ss jts,fv asz, Usc, Vs ts J5)78<8,T<+8

of solutions of (1.1) so that u,;,,(S) N u(;,f/(S) = () whenever T # t', and each
us . is an embedding.

Proof
In both cases we wish to find solutions of (1.1) for the data (A5, Js) of the form

us(z) = ¢p(u0(@),  as(z) = bs(z) + ao(2),

where t — ¢, = qbf is the flow of the Reeb vector field Xs of As and where
bs +ifs : S — C is a smooth function defined on the unpunctured surface. We
derive an equation for the unknown function b5 + i f5. From now on we suppress the
superscript § in the notation unless for § = 0. Because of the first equation in (1.1),
the complex structure on S is then determined by f (denote it by j = j) and is given
by

Jjr@ = (mTu@) ™ o J(u()) o 7, Tu(2). 2.8)
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Note that this is well defined because u is transverse to the Reeb vector field so that
7Tu(z): T,S — ker A(u(z)) is an isomorphism. By the second equation of (1.1), we
then have to solve the equation df o j +uji o j; =da+y fora, f, y on S which
is equivalent to the equation

dj,(a+if)=ugro j; —i(ugh) —y —i(y o jy). (2.9)

Recall that we are looking for a of the form a = ay + b, where b is a suitable real-
valued function defined on the whole surface S. We obtain the differential equation

5_,~f b+if)=ughojr—i(usr) — E_)jfao —y —i(yojs), (2.10)

and it follows from a straightforward calculation (see the appendix) that all expressions
on the right-hand side of (2.10) are bounded near the punctures; in particular, they
are contained in the spaces L?(T*S ® C) for any p. This is what the assumption
k < —(1/2) from Definition 2.1 is needed for. We work in the function space b+if €
w'hr(S, C), where p > 2. For any complex structure j on S, the space L”(T*S ® C)
of complex-valued 1-forms of class L? decomposes into complex linear and complex
antilinear forms (with respect to j). We use the notation

LN(T*S®C)=L"(T*S®C);° @ L"(T*S ® C)}".
The operator b +if + 0; (b +if)is then a section in the vector bundle

LP(T*S @ C)*! := U b+if} x L"(T*S® C)j' > W' (S, C).
b+ifewlr(s,C)

This vector bundle is of course trivial, but here are some explicit local trivializations
for f, g € wlr(s, R) sufficiently close to each other:

Wy, LN(T*S @ )} = L(T*S @ C)}' @2.11)
T > T +i(T o j,).
If we write
T+i(tojg) =7to(drs — jro jo),
we see that W, is invertible with
Vot =rto(drs — jroj .

It follows from the Hodge decomposition theorem that every cohomology class [o] €
H'(S, R) has a unique harmonic representative ¥;(c) € H ;(S), where Jl (S) is
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defined as
H(S) :={y € '(S)|dy =0, d(y o j) =0} (2.12)

and where &'(S) denotes the space of all (smooth) real-valued 1-forms on S, and
we write §%1(S) = 8?’1(5) for the space of complex antilinear 1-forms on S with
respect to j, that is, complex-valued 1-forms o such that i 0 4+ o j = 0. Note that
our definition coincides with the set of closed and co-closed 1-forms on S. Moreover,
by elliptic regularity, we may also consider Sobolev forms. We identify H'!(S, R)
with R?¢, and we consider the following parameter-dependent section in the bundle
LP(T*S @ O — wthr(s, C)

F:Whr(S,C) x R® — L/(T*S @ C)*! (2.13)
F(b+if,0):=0;,(b+if) —ugho jr+iugh)
+0;,a0 + V¥, (0) + i (¥, (o) 0 jr)

with j; as in (2.8). Recalling that z — j;(z) may not be differentiable, we interpret
the equation d(y o j) = Oin the sense of weak derivatives. The solution set of (2.10)
is then the zero set of F. We consider the real parameter § which we dropped from
the notation, fixed at the moment. For g = 0 and b + if small in the WP norm,
we consider the composition Fb + if,0) = W5 (F(b +if,o0)). Its linearization
in the point (b +if, o) = (0, 0y), where oy is defined by ¥ (09) = ¥ and where
F(0,09) =0,is

DF(0,00) : W"?(S,C) x R* — L/(T*S ® C)}'
DF(0,00)(¢, 0) = 8;,¢ + V() + i(¥j,(0) 0 jo) + L ¢,
where
L:W"(S,C)— WIS ®C))' — L/(T*S ® O)}!
is the compact linear map
LE = —%MSX o (AS + joA&jo) + %MSK o (joAt — Atjo) + BE +1i BE jo,

where

d .
B¢ = 7 ¥ (00), ¢ =h+ik,
T =0
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and where

AL = e ek = h (. Tuo) ™" [J (uo) DX (o)
T =0

— DX (uo)J (o) + D J (o) X5 (00))(702 T o).

The linear term L therefore does not contribute to the Fredholm index of D F (0, ay).
We note that the linear map ¢ +— L¢ only depends on the imaginary part of {. We
claim that the operator

W'r(S,C) x R® — L/(T*S ® C)¢'

(¢,0) > 3,5 + V(o) +i(Y),(0) o o)

is a surjective Fredholm operator of index 2. Then we would have ind(D F(0, 00)) =2
as well. Here is the argument: The Riemann-Roch theorem asserts that the kernel and
the cokernel of the Cauchy-Riemann operator o ; (acting on smooth complex-valued
functions on §) are both finite-dimensional and that

dimg ker d; — dimg (6%'(5)/Imd;) = 2 — 2g,

where g is the genus of the surface S. The only holomorphic functions on S are the
constant functions, hence £*!(S)/Im 9, has dimension 2g.

On the other hand, the vector space # ].I(S ) of all (real-valued) harmonic 1-forms
on S also has dimension 2g (see [15]). We now consider the linear map

W HH(S) — €%'(S)/Im d;

V(y) =1Ly +ily o jl,

where [ . ] denotes the equivalence classes of (0, 1)-forms. Assume that W(y) = [0],
thatis, that there is a complex-valued smooth function f = u+iv on S such that E_)j =
y+i(yoj).Since y is aharmonic 1-form, we conclude that d(dvo j) = d(duoj) =0
(i.e., both u and v are harmonic). Since there are only constant harmonic functions
on S we obtain y = 0 (i.e., W is injective and also bijective). Hence, (0, 1)-forms
y +i(y o j) with y € #](S) make up the cokernel of 9; : C*(S, C) — €%'(S).

This proves the claim that the operator DF(0, o) is Fredholm of index 2. We
now show that the operator DF(0, 09) is surjective. Using the decomposition

LI(T*S ® C)}' = R(5;) @ H;,(5)
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and denoting the corresponding projections by 71, 7, we see that it suffices to prove
the surjectivity of the operator

T:W"(S,C) — R(@;,)

T¢ :=0;,¢ +m(LY),

which is a Fredholm operator of index 2. Assume that { € ker T'. Unless ¢ = 0, the
set {z € S| ¢(z) = 0} consists of finitely many points by the similarity principle (see
[23]), and the local degree of each zero is positive. On the other hand, the sum of all
the local degrees has to be zero, hence elements in the kernel of 7" are nowhere zero.
Actually, if & + ik € ker T, then even k is nowhere zero because & + ¢ + ik € ker T
for any real constant c since the zero-order term L only depends on the imaginary part
of ¢. Therefore,* dim ker T < 2, and since the Fredholm index of T equals 2, we
actually have dim ker T = 2. This proves the surjectivity of T and also of D £(0, o¢)
so that the set M of all pairs (b + i f, y) solving the differential equation (2.10) is a
2-dimensional manifold with T{g ,, )M = ker DF (0, o). If we add a real constant to
b+ if, then we obtain again a solution of (2.10). If we divide M by this R-action,
then we obtain a 1-dimensional family of solutions (ii;)_. ., . With ii, = (a., u) for
which u, = ¢y, (uo), and the functions f; do not vanish at any point. Therefore, we
have uo(S‘) N uT(S‘) = {J and also u,/(S‘) N uT(S‘) = () if T # 7. Moreover, the maps
u. are transverse to the Reeb vector field by construction. O

3. From local foliations to global ones
The aim of this section is to show that a family of solutions produced by the implicit
function theorem (see Theorem 2.8) can be enlarged further. For this purpose, a
compactness result is needed for which we are setting the stage now.

First, we summarize a result by Siefring which will be used later on.

THEOREM 3.1 ([31, Theorem 2.2])

Letii € M(P,J)and v € M(P,J), let maps U,V : [R,00) x S — C>®(P*¢)
be asymptotic representatives of it and v, respectively, and assume that U — V does
not vanish identically. Then there exists a negative eigenvalue A of the asymptotic
operator Ap ; and an eigenvector e with eigenvalue A so that

U(s, 1) — V(s, 1) = € (et) + r(s, 1)),

*Indeed, otherwise we would be able to find three linearly independent elements in the kernel ¢, &,, ¢3. Because
C has real dimension 2 we can find real numbers a1, «,, a3, not all simultaneously zero, and a point z € S such
that 237,:1 @;¢i(z) = 0.Then¢ = 2_3;:1 «;¢; is in the kernel of T and ¢(z) = 0, which is a contradiction.
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where the map r satisfies for every (i, j) € N? a decay estimate of the form
IViV/r(s, D] < Mye™®
with M;; and d positive constants.

Our situation is less general than in [31], so we will explain the notation in the context
of this paper. The setup is a manifold M with contact form A and contact structure
£ = ker A. Consider a periodic orbit P of the Reeb vector field X, with period T, and
we may assume here that 7 is its minimal period. We introduce P(t) := P(Tt/2m)
such that P(0) = P(2m). If J : &€ — £ is a dA-compatible complex structure, then
the set of all J-holomorphic half-cylinders

i=(a,u):[R,00)xS" - Rx M, S'=R/2n7Z

for which |a(s, t) — Ts/2m| and |u(s, t) — P(t)| decay at some exponential rate (in
local coordinates near the orbit P(S')) is denoted by M (P, J). Note that it is assumed
here that the domain [R, 0co) x S! is endowed with the standard complex structure. A
smoothmap U : [R, 00) x S' — P*& for which U(s, t) € &p(, is called an asymptotic
representative of ii if there is a proper embedding ¥ : [R,00) x S' — R x §!
asymptotic to the identity so that

i(¥(s, 1) = (Ts/2m, expp, U(s, 1)), ¥ (s,1) € [R, 00) x §'

(exp is the exponential map corresponding to some metric on M, e.g., the one induced
by A and J). Every &t € M(P, J) has an asymptotic representative (see [31]). The
asymptotic operator A p ; is defined as follows:

T d
A b)) = =5 I (P0) (o

_ DO-s(@(PODA(s(P (t)))),

s

where ¢; is the flow of the Reeb vector field and where 4 is a section in P*§ —
S'. Because the Reeb flow preserves the splitting TM = R X, @ & we have also

(Ap sh)(1) € Ep).
We compute the asymptotic operator A p_; for the binding orbit

D
y1(0)’

Recall that the above periodic orbit has minimal period T = 27 y,(0). Using

P)=(—,0,0) e S x R,

N
s P = Qs 7070 = _70’0 )
8,(P©) = 6,,0,0) = (1 + 5.0.0)
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formula (2.2) for the linearization of the Reeb flow with A(¢) = (0, {(2), n(z)), and

the fact that J(z, O, 0)% = % and J (¢, 0, 0)3% = —%, we compute
h'(1) 0 /3(0)> (C(ﬂ))
Ap jh =—y0)J(&, 0,0 —
(Ap sh)(1) 11(0)J (2 )<y1(0)+<—ﬂ(0) 0 n(t)

= —Joh'(t) — 1 (0)B(0) h(t)
= —Joh'(t) + k h(2),

where Jy = (? _01> and ¥ = y{"(0)/y5'(0) € (—1, 0). Hence A € o(Ap ;) precisely
if

W) = h—k)Joh(t) and  hQ2mw) = h(0)

(ie., 0(Ap ;) = {k + 1|l € 7Z}), and the largest negative eigenvalue is given by «.
The corresponding eigenspace consists of all constant vectors A(t) = const € R?.
The eigenspace for the eigenvalues x + [ consists of all

h(t) = e”'hy, with hy € R%.

THEOREM 3.2 (Compactness)

Let A be a contact form on M which is a local model near the binding (of the Giroux

leaf vy), and let J : ker A — ker A be a dA-compatible complex structure. Consider a

smooth family of solutions (S, j., ar, Uz, vz, Jo<r<z, t0 equation (1.1) satisfying the

following conditions.

° We have u, = ¢y, (vo), where vy : S — M is a Giroux leaf as in Proposition
2.6 and where f, : S — R are suitable smooth functions.

. Forany 0 < t < 7, there is § > 0 such that

U () Nup(S) = ¥ whenever0 < |t —1'| < 8.

° Assume that uy and u, never have identical images whenever 0 < t < 1.

Then the functions f. converge uniformly with all derivatives to a smooth function
fo i S = Rast / 1. The harmonic 1-forms y, also converge in C*(S) to a
1-form y., which is harmonic with respect to the complex structure j, on S given by

Jo(@) 1= (1T, @) ' 0 J (1(2)) 0 73 Tty (2),

where uy, := ¢y, (vo). Moreover, we can find a smooth function a-, on S so that
(S, Ju» Ary» Urys Vry» J) SOLves the differential equation (1.1).
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Remark 3.3
We may assume without loss of generality that vy = ug and fy = 0. If z € S, then we
denote by T'(z) > 0 the positive return time of the point uy(z); that is, we have

T(z) :=inf {T > 0] ¢r(uo(2)) € uo(S)} < +oc.

We claim that the return time z +— 7'(z) extends continuously over the punctures of
the surface, and that therefore there is an upper bound

T :=supT(z) < 00.

zeS

Using (2.1) and (2.6), we note that, asymptotically near the punctures, ¢r(uo(s, t)) €
S x R? has the following structure:

Pr(uo(s, 1)) = (t +a(r(sHT, r(s)expli(ao + Br(sHT)]),

where r(s) is a strictly decreasing function, « is some constant, and «(r), B(r) are
suitable functions for which the limits lim,_,o 8(r) and lim,_, ¢ (r) exist and are not
zero. Hence, if T = T (uy(s, t)) is the positive return time at the point u(s, t), then

27
T(uols:0) = T pr

and therefore the limit for s — 00 exists.

The remainder of this section is devoted to the proof of Theorem 3.2. We recall
that the functions a, and f; satisfy the Cauchy-Riemann type equation (2.9) which is

8j.(@; +ife) = ugh o jo — iuGh) — ye — iye © jo),
where the complex structure j, is given by (2.8) or
Jo(@) = (mTuo@) " (T (o)
I (6 1.0(u0(2)) T b, (u0(2)) . T o (2),

and that y; is a closed 1-form on S with d(y; o j;) = 0.

The following L*-bound is the crucial ingredient for the compactness result. We
claim that

sup [ frllp=@) < T. (3.1)

0<t<719
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Restricting any of the solutions to a simply connected subset U C S, we can
write y, = dh, for a suitable function 4, : U — R, and the maps

ﬁZ:UﬁRXM, ﬂf:(ar+hrauf)

are J -holomorphic curves. If two such curves i, and ii,- have an isolated intersection,
then the corresponding intersection number is positive (see [28], [5], or [27] for
positivity of (self-)intersections for holomorphic curves). We claim that

up(HNu(S) =W, VO<t <1,

and not just for small t as assumed. If we can show this, then (3.1) follows. Indeed, for
any z € S, the function T +— f;(2) is strictly increasing from fy(z) = 0, and equality
Jz(2) = T(z) would imply that u,(z) € uo(S). Arguing indirectly, we assume that the
set

O = {7 € (0, 1) | u(8) Nuo(S) # 0}

is not empty. We denote its infimum by 7, which must be a positive number since
u.(S) Nuo(S) = @ for all sufficiently small 7 > 0.

We first prove that the above set is open, which implies that u#; and u, cannot
intersect. If u.(p) = uo(q) for suitable points p, g € S, then we consider locally near
these points the corresponding holomorphic curves i, and i,. Adding some constant
to the R-component of one of them, we may assume that ii,(p) = iio(q). If this
intersection point is not isolated, then p and g have open neighborhoods U and V,
respectively, on which the holomorphic curves ii, and iiy agree. This implies that the
set of all points p € S such that i ( p) is a non-isolated intersection point between i
and iiy, is open and closed, that is, it is either empty or all of S. Since we assumed that
each set uT(S ), T > 01is different from uo(S‘), we conclude that if u#, and u intersect,
then the intersection point of the corresponding holomorphic curves i, and iy must
be isolated. But on the other hand, this implies that #,- and u, would also intersect for
all 7’ sufficiently close to T by positivity of the intersection number showing that the
set O is open.

We conclude from the above that we have a sequence 7, ~\( T and points py, gx € S
such that u, (px) = uo(gy). Passing to a suitable subsequence, we may assume
convergence of the sequences (pi)ren and (qi)ren to points p,qg € S. Because of
uz(S) N uo(S) = @ the points p, g must be punctures, and they have to be equal
Zp = p =4¢q € S\S. The reason for this is the following. The maps u,,, uo are
asymptotic near the punctures to a disjoint union of finitely many periodic Reeb
orbits which are not iterates of other periodic orbits. Also, different punctures always
correspond to different periodic orbits. This follows from Giroux’s result and our
constructions in Section 2 of this paper.
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We now derive a contradiction using Siefring’s result. The harmonic forms y;, in
equation (1.1) are defined on all of S. Hence they are exact on some open neighborhood
U of the puncture zy, and y;, = dh,, for suitable functions A, on U and similarly y; =
dh:. We may also assume that j;|y = j,|v = Jjo after changing local coordinates
near zo. Then on the set U, the maps ii,;, = (a,, + hy,, u,,) and ity = (ag + ho, up) are
holomorphic curves with i, (pr) = #io(qx) while the images of #i; and i, have empty
intersection. Now let

Uz, U, Uy : [R,00) x §' — R?

be asymptotic representatives of the holomorphic curves iiz, @i, , i, respectively.
Invoking Theorem 3.1 and our subsequent computation of the asymptotic operator
and its spectrum, we obtain the following asymptotic formulas

UT(Sv t)_UO(S7t) = exrs(er(t)—i_rf(svt))’ T:fvrka SERT’ (32)

where R, > 0 is some constant and where A, < 0 is some negative eigenvalue of
the asymptotic operator Ap ;. It is of the form A, = k + [;, where [, is an integer,
k = y/'(0)/y5(0) is not an integer, and where e,(t) = e*'"'h,, h, € R*\{0} is an
eigenvector corresponding to the eigenvalue A, = k 4 [;. Note that the above formula
applies since U, — U, cannot vanish identically. We will actually show that [, = 0.
The asymptotic representative Uy is given by

uo(s, 1) = (t, r(s)eio‘”) = (1, Ug(s, t)),

using equation (2.6), and we recall that r(s) = c(s)e**, where c(s) — co > 0 as
s — 4o00. An asymptotic representative of i, however, is given by an expression
such as

Mr(‘/’(& t)) = (tv U‘L'(S7 [)),

where ¥ : [R, 00) x S! — R x S is a proper embedding converging to the identity
map as s — +00. Writing (s', t') = (s, t), we get using equations (2.1) for the
Reeb flow

Ur (S l) — C(S/)e;(s'ei(ao+ﬂ(r(s/))f,(s/,t/))
= e’ (et + r (s, t)).

The asymptotic formula for U, a priori allows for other decay rates, but « is the only
possible one. Dividing by ¢** and passing to the limit s — +00, we obtain

€, = o' POS()
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where f;(00) = limy_, 1 f;(s, t) which is independent of ¢ since f; extends contin-
uously over the punctures. Hence the difference U, — U, has decay rate A, = « as
claimed unless the two eigenvectors e, and e agree, which is equivalent to

21
fr(o0) € —Z
’ B(0)
or T = T in our case. The maps U, — U, satisfy a Cauchy-Riemann type equation
to which the similarity principle applies so that, for every zero (s, t) of U, — Uy, the
map o — (U, — Uy)(s + € coso, t + € sino) has positive degree for small € > 0.
The Cauchy-Riemann type equation mentioned above is derived in [31, Section 5.3]
as well as in [1, Section 3] in a slightly different context, and also in [21]. If R is
sufficiently large, then the map
U, — U
S' > St WiR, 1) = ———2(R, 1)
|Ur - UOl
is well defined, and it has degree [, because the remainder term r.(s,t) decays
exponentially in s. Zeros of U, — U, contribute in the following way: if R’ < R such
that (U, — Uy)(R’, t) # 0, then

degWo(R, ") = degW.(R. )+ > o). (3.3)
{z|U:(2)—Uo(2)=0}

We know already that [, = 0 whenever T # T. Arguing indirectly, we assume that
[; is not zero. It would have to be negative then. Choose then R’ > 0 so large that
degW:(R’, -) = [; < 0. For t sufficiently close to 7, we also have degW (R’, -) = [;.
On the other hand, we have degW_ (R, -) = 0 for R > R’ sufficiently large. Equation
(3.3) implies that the map U, — U, must have zeros in [R’, R] x S! to account
for the difference in degrees, but we know that there are none for r < 7. This
contradiction shows that [; # 0 is impossible. Choose again R’ > 0 so large that
degW:(R’, -) = 0. The degree does not change if we slightly alter 7. In particular,
we have degW. (R, ) = 0 for t > 7 close to T as well. For R >> R’, we have
degW:(R, -) = 0, and we recall that

Uy —Up)si, 1)) =0, i (T

for a suitable sequence (s, #) with sy — 4-00 and that the set of zeros of U;, — Uy is
discrete. This, however, contradicts equation (3.3) since the zeros have positive orders.
Summarizing, we have shown that the assumption @ # ¢ leads to a contradiction
which implies the a priori bound (3.1).

The monotonicity of the functions f; in 7 and the bound (3.1) imply that the
functions f; converge pointwise to a measurable function f;, as T ' 75. We also
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know that || f, ||~ < T. We then obtain a complex structure j;, on S by

Jo@ = (1. Tue(@) " (T, @ WUo(2))
X J(¢fm(z)(uo(z))) Tor (10(2)) 7. Tuo(2).

By definition, the complex structure j;, is also of class L* and j,(z) — ji(z)
pointwise. Our task is to improve the regularity of the limit f;, and the character of
the convergence f; — f7,. We also have to establish convergence of the functions a,
for T /' 7. The complex structures j, are of course all smooth, but the limit j,, might
only be measurable.

3.1. The Beltrami equation

For the reader’s convenience, we briefly summarize a few classical facts from the
theory of quasiconformal mappings (see [8], [9]). The punctured surface S carries
metrics g., also of class L™ for T = 7y and smooth otherwise, so that

g2 (j: (v, jo(Dw) = g(2)(v, w), forallv,w € T.8.

In fact, g, is given by

g (W, w) = dA(u(2)) (12 Tu (2)v, J (U (2)m, Tu-(2)w).

In the case T = 79, we replace 7, Tu.(z) by Ty, )(uo(z))m, Tuo(z). We have
sup, llg<ll =@ < oo and g; — g, pointwise as T ' 7. Our considerations about
the regularity of the limit are of local nature, so we may replace S with a ball B ¢ C
centered at the origin. Denoting the metric tensor of g, by (g;,)1<k,1<2, We define the
following complex-valued smooth functions:

1eh @) — g5@) +i gh)
gl (@) + 852 + Vel (@D8h@) — EL@)7

/’LI(Z) =

and we note that
sup [[ (e llze) < 1
T

and that . — u, pointwise. We view the functions u, as functions on the whole
complex plane by trivially extending them beyond B. Then they are also t-uniformly
bounded in L?(C) forall 1 < p < oo and u, — 4 in L?(C) for 1 < p < oo by
Lebesgue’s theorem. If we now solve the Beltrami equation

506, = W 0,
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for T < 7 so that da,(0) # 0, then «, is a diffeomorphism of the plane onto itself so
that

g:(0e() (T (@, T (@w) = Ar{v, w) if z € B,

where (., .) denotes the standard Euclidean scalar product on R? and where A, is a
positive function. We then get

Tar(z)oi = ji(ar(2)oTa(z), 0=t <lifzeB.

For Holder-continuous i, the map o, exists, and it is a C!-diffeomorphism. This is
a classical result by Korn and Lichtenstein [26] (more modern proofs may be found,
e.g.,in [11] and [13]). In our case, we have smooth solutions «, belonging to smooth
WU+, but we only know that the p, converge pointwise as T ' 1. On the other hand,
we would like to derive a decent notion of convergence for the transformations «;. An
interesting case for us is the one where p is only a measurable function. Results in
this direction were obtained by Morrey [29], Ahlfors and Bers [9], and also by Bers
and Nirenberg [12]. We also refer to [8] by Ahlfors. We now summarize a few results
from [9] about the Beltrami equation for measurable p which we will need later on.
The first result concerns the inhomogeneous Beltrami equation

u = uou—+o,
where u : C — C, u is a complex-valued measurable function on C with

||M||L°°(<C) <1

and o € L?(C) for a suitable p > 2 (we explain shortly what values for p are
admissible). We consider the following operators acting on smooth functions with
compact support in the plane:

(490 = 5. [ 8@ - ¢ )de dE
2) = o = = k)
J 21 C s E — 2 S

(Tg)(2) i= —— lim / 86) ~ 8@ .

27i N0 Jovg,0) (6 — 2)?
Both operators can be extended to continuous operators L?(C) — L?(C) for all
2 < p < oo. They have the following properties:
(1) 3(Ag) = A(dg) = g
(2 09(Ag) = A(dg) =Tg;
()  |Agz) — Ag(z)| < Chligllrolza — 21l ™75
@4 NTgllercy < cpligllirc) withe, — 1as p — 2.
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We used here the notation 9 = (1/2)(9; + i9,) and 0 = (1/2)(d; — id,). Properties
(1) and (2) above should be understood in the sense of distributions. The proof of (4)
involves the Calder6n-Zygmund inequality and the Riesz-Thorin convexity theorem
(see [25] and [32]). Following [9], we define B, with p > 2 to be the space of all
locally integrable functions on the plane which have weak derivatives in L?(C), vanish
in the origin, and which satisfy a global Holder condition with exponent 1 — %. For
u € B, we then define a norm by

|u(z2) — u(z1)|

2 |1-@/p) + 19ullLrcy + 110Ul Lr(c)

lullp, := sup
21722 |Z2 -

so that B, becomes a Banach space. We usually choose p > 2 such that
¢p sup, ll: |~y < 1, where c, is the constant from item (4) above.

THEOREM 3.4 ([9, Theorem 1])
Assume that p > 2 such that ¢, sup, ||:||.~c) < 1. Ifo € L?(C), then the equation

ou=pudu+o

has a unique solutionu = u, , € B,.

For the existence part of the theorem, one first solves the following fixed-point problem

in L?(C):
g = I'(ug)+To.

This is possible because the map

L?(C) — LP(C)

q — I'(ug +0)
is a contraction in view of ¢, |||l z~c) < 1. Then
u:=A(wg +o)

is the desired solution. The following estimate is also derived in [9]:

lgllrcy < c,llollnc (3.4)
with c}, = ¢,/(1 = cpllpell L=(c)), which follows from

lgllrc) < IT (e + ITo e

< cpllnll=llgllirc) + cpllollLrc).
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Recalling our original situation, we have the following result which shows that
there is some sort of conformal mapping for j; on the ball B.

THEOREM 3.5 ([9, Theorem 4])

Let i : C — C be an essentially bounded measurable function with p|c\s = 0 and
p > 2 such that ¢ ||l =) < 1. Then there is a unique map a : C — C with
«(0) = 0 such that

da = pda
in the sense of distributions with da — 1 € L?(C).

The desired map « is given by
a(z) = z+u(),

where u € B, solves the equation du = wdu + w. In particular, « € W'P(B).
Lemma 8 in [9] states that « : C — C is a homeomorphism. We can apply the
theorem to all the ,, 0 < t < 1 and obtain smooth p,-conformal mappings o,
together with the associated maps u,.

LEMMA 3.6

Let w, : C — C be a sequence of measurable functions so that p,|c\p = 0 and
sup, |t llLeo@cy < 1. Assume that w, — p pointwise almost everywhere. Then the
corresponding quasi-conformal mappings o,, o as in Theorem 3.5 satisfy

llay — allwircgy —> 0

as n — oo for any p > 2 such that ¢, sup, ||isllz~c) < 1 and any compact set
B cC

Proof
We first estimate with g € L?(C)and z # 0
A5 = 5| / 8©)z |46 5
< ||g||L1(C)H€(€ 1 (35)
=

Collgliznc 1217,
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where the last estimate holds in view of
— r=7"1 -
/ 1§ — )| PPV dgdE LT f |22 = 22¢| 7P/ P|z)P dg di
ol C

= |z|“”/<"“/ 166 = DITPPVdg dE .
C

2nC,
If g solves g = I'(ug + w), then
Aoty — o) = py 3oty — &) — p dex + pu, dox
= Wn oty — &) + pn — w0+ (g — (g + 1),

that is, the difference «,, — o again satisfies an inhomogeneous Beltrami equation. By
Theorem 3.4, we have

o, —a = A(/'LnCIn + )\n)’

where A, = p, — i + (U, — W)C(eg + ) and where g, € L?(C) solves g, =
I'(ungn + An). Combining this with (3.5) and (3.4), we obtain

|0[n(Z) - Ol(Z)l =< Cp ”Mn('In + }\'n“LF((C) |Z|172/P

< (Cp sup [l ll =) - EpllAnllzee) + Cp IAnllLoe) 12127, (3.6)
Since |1ty — pllzrey — 0 and (a — W (Ug + Wllzne) — O by Lebesgue’s
theorem we also have ||, || .».c) — O and therefore o, — o uniformly on compact

sets. Since d(a, — @) = i, (et — &) + A, and o, — o = A(nqn + Ay), We verify
that

8(O(n - Ol) = F(/'LnQn il )‘n) ={qn
and
A0ty — @) = WnGn + An-

Invoking (3.4) once again, we see that both ||d(a, — @)||zrc) and [|0(ct, — @)||zr(c)
can be bounded from above by a constant times |[A,||z») which converges to
Zero. O

We also need some facts concerning the classical case where u € C**(Bg(0)),
Br(0) = {z € C||z| < R} which are not spelled out explicitly in either [11] or [13],
but which easily follow from the constructions carried out there.
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THEOREM 3.7
Let i, y,8 € C**(Br(0) with0 < a < 1 and supg ) Il < 1. Then for sufficiently
small 0 < R < R/, there is a unique solution w € C**1-%(B(0)) to the equation

w(z) = w@)dw() + y(@)w(z) + 8(z)

with w(0) = 0 and Jw(0) = 1. If wy, w, solve the above equation with coefficient
Sfunctions ., yi, 8,1 = 1,2, then there is a constant ¢ = c(a, R, ||wz||cra(sgp 0y, k) >
0 such that, for all w, € C**1%(Bx(0)), we have

lwy — willcrrrepyoy < € (162 — 81 llcre(ae(0)

+ 2 — willcraseon + 1172 = Villcresro)-

Sketch of the proof
The existence proof is a slight generalization of the Korn-Lichtenstein result (see also
[L1] or [13]). What we are looking for is the estimate. We define the following operator

(Tw)(z) := A(udw + yw)(z) — zT'(udw + yw)(0)
and the function
8(2) == (Ad)(2) — z(I'6)(0) + z.
A solution to the problem
w(@) = (Tw)(@) + 8()

also solves the equation dw(z) = u)dw(z) + y(2)w(z) + §(z) with w(0) = 0 and
dw(0) = 1. In [11, Lecture 4] it is shown that 7" defines a bounded linear operator

T : C"*(Bx(0)) — C"*(Bx(0))
with
IT| < const- R* =60, 6 < 1 forsmall R > 0,

so that the series g + Z,fil T*g converges and the limit w satisfies w = Tw + g.
Another useful fact is the following. Assume that 77, 7, are operators as above with
coefficient functions w1, y; and u,, y,, respectively. Then

1T — 11|l < c(llpa — milleoesroy + V2 = Villcoa o))
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for a suitable constant ¢ > 0 depending on « and R. This is only implicitly proved in
[11], so we sketch the proof of this inequality. We have

(T, — T)h(z) = A((2 — p1)dh + (v2 — yDh)(2)
— 2T ((n2 — w)dh + (2 — ¥1)h)(0),

(T2 = THh)(2) = T (k2 — w13k + (2 — yDh)(2)
— T (12 — p1)dh + (v — y1)h)(0),

and
A((T> — THh)(2) = (n2 — w1)(@)0A(2) + (2 — Y1)(@h(2).

We need [13, (21)—(24)]. Adapted to our notation, they look as follows with z, z;, z, €
Br(0):

[(AR)(2)| < 4Rkl cosro

a+1
I((Th)(2)| < Rl coaron
[(Ah)(z2) — (Ah)(z))I 22
- » = < 2llhllcogseon + RE|| 7|l co g0y
|22 — 2] o
|((Th)(z2) — (Th)(z))|

P < Co lIAllcowsp-

Recalling that
Al cracaey = 1l coseoy + 1071l compe) + 10R ] comca))

and

|k(z2) — k(z1)]
Ikl cowcsey = llkllcoBroy + sup I
21#22 |Z2 - Zl|

and that the Holder norm satisfies
17k coeBroy < C I llcoasroy 1kl coe(aroy

for a suitable constant C depending only on « and R, the asserted inequality for the
operator norm of 7, — 7 follows. In the same way, we obtain

llg2 — gillcresry < € 162 — &1llcow(ay(0))-
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Since
lwa — willcrearoy < (T2 — THwsllcre(ag0y)
+ 6 lwy — willcreroy + 182 — &1llcreBroy

and since 6 < 1, we obtain the assertion of the theorem for k = 1. Because derivatives
of w again satisfy an equation of the form dw(z) = u(z)ow(z) + y(2)w(z) + 6(2),
we can proceed by iteration. This is carried out in [11, Lecture 5]. O

3.2. A uniform L*-bound for the harmonic forms and uniform convergence

PROPOSITION 3.8

Let (S, jo, I, g, yo) be a solution of (1.1) defined on S which is everywhere transverse
to the Reeb vector field. Assume that (S, j;, I, it = (a,u), y) is another smooth
solution, where u is given by

u(2) = ¢4 (10(2))

for a suitable smooth bounded function f : S — R. Then we have

Iy lzej, < Nughllicz,, (3.7

where

12
oy, = (/or o js /\0)
S

(with o a 1-form on S).

Proof
Using the differential equation u*A o j; = da + y and u*A = ujA +df, we compute

/u*kAy:/uékAy+[d(fy)
$ § s
:/u(ﬁk/\y
§

/u*/\M/ =/daM/0jf— Iy Iz,
S N

2
_”)/”Lz’jf-

and
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The integral |, ¢d(fy) vanishes by Stokes’s theorem since fy is a smooth 1-form on
the closed surface S. The form da Ay o j¢ is not smooth on S, but the integral vanishes
anyway for the following reason. As we have proved in the appendix, the form y o j,
is bounded near the punctures, and hence in local coordinates near a puncture it is of
the form

o = F(w, wy)dw, + F(wy, wy)dw,, w; +iw, € C,

where Fi, F, are smooth (except possibly at the origin) but bounded. Passing to polar
coordinates via

¢ :[0,00) x S — C\{0}

P(s, 1) = e D = wy + jwy,

we see that ¢*o has to decay at the rate e™* for large s. The form da has y,(r(s))ds
as its leading term. Computing the integral fr a(y o jr) over small loops I" around
the punctures and using Stokes’s theorem, we conclude that the contribution from
neighborhoods of the punctures can be made arbitrarily small. Therefore, the integral
[sda Ay o j; must vanish.

If Q2 is a volume form on §, then we may write ujA A y = g - 2 for a suitable
smooth function g. Defining

/WSA/\N ::/IgIQ,
5 5

we have
2 _ *
71, =| [ uirnv]
‘ §
< f lugh Ayl
8

< Nugllzz j Ny Nz,

which implies the assertion. O

We resume the proof of the compactness result, Theorem 3.2. All the considerations
which follow are local. The task is to improve the regularity of the limit f;  and the
nature of the convergence f; — f;,. Because the proof is somewhat lengthy, we
organize it in several steps. For T < 1, let now

a.:B— U, cC
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be the conformal transformations as in Section 2, that is,
Ta(z)oi = j(or(z) o Tar(z), z € B.

The L*°-bound (3.1) on the family of functions (f;) and the above L?-bound imply
convergence of the harmonic forms o7y, after maybe passing to a subsequence.

PROPOSITION 3.9
Let T be a sequence converging to 7y, and let B' = B,(0) with B’ C B. Then there is
a subsequence (ty) C (t}) such that the harmonic 1-forms a;‘k ¥y, converge in C*(B’).

Proof
First, the harmonic 1-forms o}y, satisfy the same L?-bound as in Proposition 3.8:

2 .
||0ler||Lz(3) = / Ol;k)/t SRAA Ol:)/r
B

= / Ol;k()/r o ]r) A Oljyz
B

2/ yrojr/\yr

< |lugAllz2,;,

=C,
where C is a constant depending only on A and u since
sup || jz ll L=y < 00.
T

We write

oy, = hlds +h2 dt,
where h’;, k = 1, 2 are harmonic and bounded in L?(B) independent of . If y € B
and Bg(y) C Bgr(y) C B, then the classical mean-value theorem

i (y) = Iy (x)dx

Z
TR Jpyy)

implies that, for any ball Bs = B;s(y) with Bs C B; C B, we have the rather generous
estimate

NGo
N

k
Azl 28y <

1
175 Nl cogsyy < /s
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With y € B and with v = (v;, V) being the unit outer normal to 0 B5(y), we get

ahk (y) = L d,h* (x)d

she(y) = 5 shy (x)dx
T Bs(y)

1 o
=— div(h7, 0)dx
8% Jpy(y)
1

= —2/ h* v ds

8% Jayy)

and
k 1 k
VR ()] = —2’ ht vds‘
82 Jog,v)
2

k
< g”hJEWm@»

so that, for B’ = By, r being the radius of B, and § = r — &', we have

2./ C
VI | o5y < ———.
VA |l comy < —

By iterating this procedure on nested balls we obtain 7-uniform C°(B’)-bounds on all
derivatives. Convergence as stated in the proposition then follows from the Ascoli-
Arzela theorem. |

3.3. A uniform L?-bound for the gradient

The first step of the regularity story is showing that the gradients of a, + if; are
uniformly bounded in L”(B’) for some p > 2 and for any ball B’ with B’ C B. It will
soon become apparent why this gradient bound is necessary. Since we do not have a
lot to start with, the proof will be indirect. Recall the differential equation (2.9)

gj,(ar + lf‘[) = le;}\ o jz - l(u(#;}\') — VY — l(yr o jz)a
where

@ = (mTuo@) ™ (Th 0 wo@))
X J (0 1.0 (0(2))) Ty, (0(2)) 70, Tuto (2).

We set

¢.(2) =a.(2)+i f:(z), zeU,
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so that, for z € B, we have

5(¢r ou)(z) = gjf(Pr (at(z)) 0 9;0.(2)
= (uph o jr — i(ué)»))ar o © s (2)

ad 0
— (@@ = +iEy@ - o) (3:8)
as at
= £+ 6.()
=: H.(2),
and
sup ||Fr||Ll’(B) < oo forsome p > 2 3.9

since o, — @, in WP(B) and sup, || j. ||z~ < 0o. We also have

sup |G- || cxsry < 00 (3.10)
for any ball B C B’ C B and any integer k > 0 in view of Proposition 3.9 (the
proposition asserts uniform convergence after passing to a suitable subsequence, but

uniform bounds on all derivatives are established in the proof). We claim now that,
for every ball B’ C ‘B’ C B, there is a constant Cp > 0 such that

IV(¢: ca)lrgy < Cp, VYT el01). (3.11)
Arguing indirectly, we may assume that there is a sequence t;, ' t such that
|V (¢, 0 )| Lrpy = 00 for some ball B" C B’ C B. (3.12)
Now define
g :=inf{e >0|3x € B' : |V(gr, 0 a)lLos.en = €777,

which are positive numbers since £*”~! — +o00. Because we assumed (3.12) we
must have inf; &g = 0, hence we will assume that &g — 0. Otherwise, if gy =
(1/2)inf; &, > 0, then we cover B’ with finitely many balls of radius &, and we
would get a k-uniform L”-bound on each of them, contradicting (3.12). We claim that

IV($e, 0 ae)llrs,op < 6”7, ¥YxeB. (3.13)
Otherwise, we could find y € B’ so that

@/p-1
V(@ 0 )l Lres., v > &k ;
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and we would still have the same inequality for a slightly smaller €, < &, contradicting
the definition of &;. We now claim that there is a point x; € B’ with

V(¢ o Olrk)”LF(ng(xk)) = 8;((2/1])71- (3.14)
Indeed, pick sequences §; \| & and y; € B’ so that
IV (@, 0 @)l Leesy, ) = s,
We may assume that the sequence (y;) converges. Denoting its limit by x;, we obtain
@/p)-1

”v((Prk o atk)”L”(ng(Xk)) Z & ’

and (3.14) follows from (3.13). Hence there is a sequence (x;) C B’ for which (3.14)
holds. We may assume that the sequence (x;) C B’ converges and (without loss of
generality) also that lim;_, o, x; = 0. Let R > 0, and we define for z € Bg(0) the
functions

£0(2) = (¢, 0 o) (3x + &4z — x0)),
which makes sense if k is sufficiently large. The transformation
D x> xp +e(x — xp)

satisfies @(B;(xx)) = B, (xx) and ®(B(y)) C B, (xx + &x(y — x)) so that

/ |V (¢, 0oz )(x)|"dx = 813/ IV(#y, 0 o) (xx + ex(z — 1)) |7dz
B, (xi) By (xi)

= 8;3[ & "IVE(2)|Pdz
By (x)
and

1-2/p)
IVEN Loy = & v IV(r, 0 e )llLr(s,, xeon (3.15)

=1
by (3.14) and, for any y for which & |,y is defined and for large enough k, we have

1-2/p)
||V§k||u(31(y)) =& & ||V(¢fk Oafk)”LP(Bsk(Xk‘i’Sk(y*Xk))) <1 (3.16)

by (3.13). The functions &; satisfy the equation

3E(2) = e By, (xi + ex(z — x0) + &G (¥ + &(z — 1)) =t Ho(2)  (3.17)
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and, for every R > 0, we have
SI;P V&l Lr(Broy) < 00, IVé&llr0y = 1 (3.13)

because of (3.16) and (3.15) since Bj(x;) C B(0) for large k. The upper bound
on || V& | Lr(sr(0) depends on how many balls B;(y) are needed to cover Bg(0). We
compute for p > 0

1-2/p)
I He e (s, 00 = € )

He | 2080, 60+
with Flrk as in (3.8). We conclude from p > 2, (3.9), and (3.10) that
| Ho Il Lr(Broyy —> O
for any R > 0 as k — oo. Defining
X' = {4 € WP(B,CH|¢(©0)=0, y(dB) CcR?*, [ >1, Bc Caball,
the Cauchy-Riemann operator

d:x" — witr (B, C?

is a bounded bijective linear map. By the open mapping principle, we have the fol-
lowing estimate:

W5 < CUBY li1.p8, Y ¥ € X7 (3.19)

Let R' € (0, R). Now pick a smooth function 8 : R? — [0, 1] with |z, = | and
supp(B) C Bg(0). Define

&i(2) := Re(8u(2) — &(0)) + iB(2) Im(&(2) — &(0)).

‘We note that
sup || Im(&) | (o) =< Cr
k
with a suitable constant Cr > 0 because of the uniform bound

sup || Im(§) || Lo (B0 < 00.
KR
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Using (3.19), we then obtain

16x — Ex(O)l1, p, B =< ICkll1,p,Be0)
< C118&l o810y
< Cr(1Hy e gy + 1 VEN LoBr0) (3.20)
+ 1 Im(§) — Im(E)(O) | Lo (B (0y)

because of

88 = Hy + (B — 1D3(Im(&)) + i 9B (Im(&) — Im(£:)(0)).

Hence the sequence (&; — £,(0)) is uniformly bounded in W'? (B (0)), and in par-
ticular, it has a subsequence which converges in C*(Bg/(0)) for0 < o < 1 — % and
also in L?(Bg/(0)). For R” € (0, R"), we now use the regularity estimate

& — & — & — EDO,p.Bp@ < ¢ | Hy — Hy |l 1r(840)
+clé& — & — & —E)O)lLryon, (B.21)

where ¢ = ¢(p, R’, R”) > 0. This follows from (3.19) applied to ¢ = B(& — & —
(& — £)(0)), where B is a smooth cutoff function with support in By and where
B = 1 on Bg,. We may then assume that the right-hand side of (3.21) converges to
zero as k, [ — oco. This argument can be carried out for any triple 0 < R” < R’ < R.
Hence the sequence &, — &,(0) converges in WIL‘CP (C) to some limit £ : C — C which
solves 06 = 0 in the sense of distributions. Therefore, it is an entire holomorphic
function. Because the imaginary parts of & are uniformly bounded, this also applies
to Im(&). Liouville’s theorem for harmonic functions then implies that Im(&) must be
constant, hence & is constant as well. On the other hand, & cannot be constant since it
satisfies ||V& || Lr(s,0) = 1. This contradiction finally disproves our assertion (3.12).
We summarize with the following.

PROPOSITION 3.10
For every ball B’ with B' C B we have

sup |[V(¢; o )|y < 0.
T

Remark 3.11

After establishing the estimates (3.18) for V&, we could have derived a k uniform
W !-P-bound for & minus its average & over the ball Bg(0) via Poincaré’s inequality.
We could have derived W'#(Bg(0)) convergence of & — &, but not convergence in
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le’cp (C) since the sequence (&, — &) depends on the choice of the ball Bg(0). Our
sequence &, — &,(0) has a convergent subsequence on any ball.

3.4. Convergence in W'?(B’)

Pick a sequence 1, ' 1. We claim that the sequence (ka) converges in L”(B) maybe
after passing to a suitable subsequence (recall that, so far, we only have the uniform
bound (3.9)). The functions ﬁ}k converge pointwise almost everywhere after passing
to some subsequence. Indeed, the sequence {(ujA o j;, — i (MS)»))a,k(z)} converges
already pointwise since j; and o, do (recall that the sequence (a,) converges in
W'P(B) and therefore uniformly). The sequence (d;c;,) converges in L”(B) and
therefore pointwise almost everywhere after passing to a suitable subsequence. Then
by Egorov’s theorem, for any § > 0, there is a subset E5 C B with |B\ E;| < § so that
the sequence £, converges uniformly on Ej. Let o be the L”-limit of the sequence
(05, ), and let ¢ > 0. We introduce

C:=2 sup || (ugh o jr — iU{A))a, ()

0<t<19 L@y’
Now pick 6 > O sufficiently small such that
€
lellra\es =< ic
Now choose ky > 0 so large that, for all kK > k¢, we have
Iy —alln < = and  1Fy = Fylley <
3 3|B]|

Then, if k, ] > kg, we have
W Fy, — Follry) < 1Fy — Fyllorey + 1Fy — Folloes\ey

< |Es| 1 F7, — Fy gy + 2 sup | Fo llLres\Ey)
ka(]

7. 7 p
< [BI1Fy — Fyllpoe(g,) + € - sup 1050z, [l Lresy\Ey)
kao
<e

proving the claim.

Recalling that ¢, = a, + i f; and that the family f; satisfies a uniform L*°-bound, we
have

sup ” Im((br o ar)”LO"(B) < Q.
T
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Now pick three balls B” C B” C B’ C B such that the closure of one is contained
in the next. Our aim is to establish W!?(B"")-convergence of a subsequence of the
sequence (¢p;, o o). By Proposition 3.10, we have a uniform L”(B’)-bound on the
gradient. If 8 : R? — [0, 1] is a smooth function with supp (8) C B’ and B|z = 1
and if

&= Re(¢t O — ¢t(0)) +ip Im(d)r ol — ¢r(0)),
then we proceed in the same way as in (3.20), and we obtain

@il p.8r < C (1Hy Nl sy + 1V (e 0 )| oay + || (@) Loes)),

where we wrote

Pk = (Prk Oy — ((prk O Uy, )(O)a

and where C > 0 is a constant depending only on p, B’, and B”. The sequence (¢y) is
then uniformly bounded in W'?(B") by Proposition 3.10, and it converges in L”(B")
after passing to a suitable subsequence. We now use the regularity estimate

lor — @il ppr < CU1Fy — Follioan (3.22)
+ ||Gr, = Grk”LP(B”) + Nl — @illLrcsn)-

Since the right-hand side converges to zero as k, [ — 00, we obtain the following.

PROPOSITION 3.12
For every ball B C B’ C B, the sequence (¢, o ar, — ¢, (0)) has a subsequence
which converges in WP (B').

3.5. Improving regularity using both the Beltrami and Cauchy-Riemann equations

In order to improve the convergence of the conformal transformations ¢, , we need
to improve the convergence of the maps @, — p and the regularity of its limit.
It is known that the inverses o, ! of the conformal transformations o, also satisfy a
Beltrami equation (see [9])

-1 =
da. = v, do, -,

where

dor (a;'(2))

-1
@) @)

Vr(z) = -
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(follows from 0 = d(a; ! 0 ;) = dor7 ()0, + do; '(or;)dar; ). After passing to a
suitable subsequence, we may assume that da,, and do,, converge pointwise almost
everywhere since they converge in L”(B). Hence we may assume that the sequence
(vg,) also converges pointwise almost everywhere. We also have

e (@) < [ue(@7'(2))

and hence v, satisfies the same L°°-bound as u,. By Lemma 3.6, we conclude that

~1 1 1,
o, —> a in WP(B)
with the same p > 2 as in Lemma 3.6 applied to the functions w.. After passing to
some subsequence, the sequence

(wk) = ((Prk — dg, (0)) O Oy,

converges in W'?(B’) for any ball B’ C B by Proposition 3.12. Indeed, the expression
¢, o ar, — ¢, (0) and ¢, differ by a constant term i f7, (0), but the sequence (i f7, (0))
has a convergent subsequence.

We would like to derive a decent notion of convergence for the sequence (¢, oo, b,
but the space W' is not well behaved under compositions. The composition of two
functions of class W7 is only in W!7/2_ Since we cannot choose p > 2 freely, we
rather carry out the argument in Holder spaces. By the Sobolev embedding theorem
and Rellich compactness, we may assume that the sequences (¢ ) and (o, 1) converge
in C%*(B’) for any ball B’ C B CBand0 <o <1— (2/p). We conclude from
the inequality

IIf ogllcorssy < I fllcoryllgllcossy, Y f € Co’y(B/), g € CO’S(B/),

where 0 < y,8 < 1, that the sequence (¢, — a,,(0)) converges in C 0""2(3’). In
particular, any sequence (f), Tx /' To now converges in the C%* -norm to Joe
Holder spaces are well behaved with respect to multiplication, that is,

If&llicory < 21 fllcorerligllcor sy,

and composition with a fixed smooth function maps C®?(B’) into itself. It then
follows from the definition of the complex structure j, and from the definition of
Wr that @, — pq, in the C%*’ _norm as well. We conclude from Theorem 3.7, the
classical regularity result for the Beltrami equation, that &;, — «a, in the C Le’_norm.
The regularity estimate for the Cauchy-Riemann operator (3.22) is also valid in Holder
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spaces, that is,

lor — @rllcrriv gy < C (1 Fy — Frllckr s
+ Gy, — Gy llerrary + 1o — @rllcrr7)-

The sequence (F ) ow converges in the C 0.°_norm, and the sequence (G,k) converges
in any Holder norm. We obtain with the above regularity estimate C' o -convergence of
the sequence (¢ ), and composing with ;' yields C' «*_convergence of ( f;,) and (-, ).
Invoking Theorem 3.7 again then improves the convergence of the transformations
Oy, O I'to C2*. We now iterate the procedure using the regularity estimate for the
Cauchy-Riemann operator in Holder space and the estimate for the Beltrami equation
in Theorem 3.7.

Theorem 3.2 follows if we apply the implicit function theorem to the limit solution
(S, jo» Uiz, = (ay,y, Uy,), V5,), hence we obtain the same limit for every sequence {7x},
and we obtain convergence in C*°.

4. Conclusion

The following remarks tie together the loose ends and prove the main result, Theorem
1.6. We start with a closed 3-dimensional manifold with contact form A’. Giroux’s
theorem, Theorem 1.4, then permits us to change the contact form A’ to another
contact form A such that ker A = Ker A’ and such that there is a supporting open book
decomposition with binding K consisting of periodic orbits of the Reeb vector field
of A. Invoking Proposition 2.4, we construct a family of 1-forms (As)o<s<; Which
are contact forms except Aq, and the above open book supports ker A; as well if
8 # 0. By the uniqueness part of Giroux’s theorem, (M, ker ) and (M, ker A5) are
diffeomorphic for § # 0, hence we may assume without loss of generality that A = A;.
Proposition 2.6 then permits us to turn the Giroux leaves into holomorphic curves for
data associated with the confoliation form A¢. Picking one Giroux leaf, the implicit
function theorem, Theorem 2.8, then allows us to deform it into solutions to our PDE
(1.1) for small § # 0. Leaving such a parameter ¢ fixed from now, and denoting
the corresponding solution by (@i, Yo, jo), Theorem 2.8 then delivers more solutions
(fiz, Yr» Jr)o<r<z,- The leaves u,(S) are all global surfaces of section, recalling that
they are of the form u, = ¢, (uo). Theorem 2.8 also implies that f, < fp if T < 7.
The compactness result, Theorem 3.2, then implies that there is a last solution for
T = 719 as well, and that either u,o(S) is disjoint from uO(S) or agrees with it. In the
latter case, the proof of Theorem 1.6 is complete. In the first case, we apply Theorem
2.8 again to (i, ¥z, Jjz,), producing a larger family of solutions. Because 7 — f;(z)
is strictly monotone for each z € S and because the return time for each point on uo(S’ )
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is finite, the images of u, and 1, must agree for some sufficiently large t, concluding
the proof. O

Appendix. Some local computations near the punctures
In this appendix, we present some local computations needed for the proof of Theorem
2.8. The issue is to show that the 1-forms

MS)\. @) .]f — dCl() and Mg)\, + dao @) .]f
are bounded on S. We obtain in the second case of the theorem
ugh o jr —dag = ugh o (jr — jo) + 7o
=dg o (j; — jg) + Yo+ vgh o (jy — Jo)-

The first case can be treated as a special case: here the objective is to show that the
I-form vgA o (jy —i) = vyA o (j; — jo) is bounded near the punctures. We again drop
the subscript § in the notation since we are only concerned with a local analysis near
the binding, and all the forms A; are identical there. We use coordinates (6, r, ¢») near
the binding. The contact structure is then generated by

d 3
= —=(0,1,0), = — =(=n,0,y).
m= o ( ) 2 +V1a¢ (=2, 0, v1)

The projection onto the contact planes along the Reeb vector field is then given by

1 / / . / /
m(v1, V2, V3) = ;(Ul)’] +usy,)m v, with u =y, — v,

and the flow of the Reeb vector field is given by

¢l(93 r’ ¢) == (9 +Ol(l")t, }",¢ + ,B(r)t)’
where

a(r) = 72(r) and Br) = _h@

w(r) p(r)

The linearization of the flow T'¢. (6, r, ¢) preserves the contact structure. In the basis
{n1, n2} it is given by

To.0,r,¢) = ( ! 0) with A(r) =

cAG) 1 (DY) = ¥ ()ys().

1
WA (r)
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The complex structure(s) we chose earlier in (2.7) had the following form near the
binding with respect to the basis {1, n,}:

JO. . ¢) = (i —r)(/)l(r)>.

ryi(r)

The induced complex structure j, on the surface is then given by

J2(@) = [m.T o]~ [T : (vo(2))17" T (f: (v0(2)) T p: (vo(2)) 75, T vo (2).

With vo(s, t) = (¢, r(s), @), we find that

r'(s) 0
mTv(s, 1) = 0 HO)

w(r(s)

so that
. —TA@)ry(r) ——ry',(,lrj(’;‘,)(r)
TTN\ (1 + AP AN ()
_ —TA(r)ry(r) —1
~ UL+ 2A200r20) TA@)rn)
) —1 0
=]O+TA(r)yl(r)(tA(r)yl(r) 1)
and

Je—Jo = A(r)r)/l(”)(T _0)((I+J)A(V)VV1(V) 1>,

using the fact that r(s) satisfies the differential equation

_ HEOMEE)()
u(r(s)) '

r'(s)
With viA = y1(r) dt, we obtain

iAo (e = Jo)lwny = (T = 0)A(r(9))r(s)y? (r(s))
.[(1: + U)A(r(s))r(s)yl (r(s))ds + dt].
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Converting from coordinates (s, ¢) on the half-cylinder to Cartesian coordinates x +
iy = e~0T in the complex plane, we get, with p = /x2 + y2,

1 1
ds=——(xdx+ydy) and dt =——(xdy— ydx).
0 Y

Recall that r(s) = c(s)e“*, where c(s) is a smooth function which converges to a
constant as s — 400, and we assumed that k < —1/2 and that k ¢ Z. Another
assumption was that A(r) = O(r). Hence r(s) is close to p=* if s is large (and p is
small) and A(r(s)) = O(p™°). Also recall that y;(r(s)) = O(1). Summarizing, we
need the expression

A(r())r)p 2o = 0(p™*h

to be bounded, which amounts to x < —1/2. The same argument applied to the form
dg o (j. — J,) leads to the same conclusion.
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